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Some Words

Markets go up; markets go down.
There is nothing insightful or sage about that observation.
Derivatives, like any other market positions, are subject to this market risk.
But while a normal investment may glide along a geometric path
in response to changing market conditions,
derivatives have special features that create
erratic behaviour or that accelerate or exaggerate the results.

PHILIP MCBRIDE JOHNSON (Johnson, 1999).

Preface
This book is aimed at a reader who has basic knowledges in disciplines
like linear algebra, numerical methods, probability and statistics, but does
not know how to use them together to solve problems considered in Quantitative Finance such as the option valuation problem, i.e. to be defined a
fair value of the option’s price.
For this aim, in this book we present basic definitions of different types
of options as well as numerical methods for their evaluation known also as
Quantitative methods for pricing options, hence the title of this book.
This book is organized in nine chapters, including a detailed introduction and a conclusion chapter. There is also a short abstract and three
appendices dedicated to an implementation of the presented quantitative
methods in Matlab and an external discussion of them as well as some
additional topics such as classification of M-matrices.
We do not attempt to describe all kinds of Quantitative methods but
instead to examine a few of them in depth with the objectives to illustrate certain ideas for pricing options. The book is appropriate for undergraduate and doctoral students, studying applied mathematics or graduate
course in business, economics, and financial engineering.
We strongly recommend the first three chapters to students in the undergraduate course of Economics and Finance or in postgraduate course of
Mathematical Finance and Derivative Markets. The book is also useful for
practitioners and curious people who want to acquire a working knowledge
how financial derivatives can be analyzed.
Mariyan Milev and Aldo Tagliani
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Abstract

In this book the main scope is the valuation of options that have discontinuous payoffs. We explore numerical approaches for pricing double barrier options that are monitored discretely utilizing the Black-Scholes model.
The major part of the book is devoted to exploring quantitative methods
for pricing options with exotic characteristics and under non-standard hypotheses. We pay special attention to the application of the finite difference
schemes to the Black-Scholes equation that has non-smooth or discontinuous boundary conditions in case of discrete double barrier options.
We study the application of the Crank-Nicolson method that is most
frequently used in computational finance because of its high-order accuracy.
We examine the drawbacks of standard finite difference schemes such as
undesired spurious oscillations of the numerical solution that derive from
an inaccurate approximation of the very sharp gradient produced by the
knock-out clause, generating an error that is damped out very slowly.
We propose variants of the well-known Crank-Nicolson scheme, implicit
and semi-implicit schemes that differ with some extra imposed sufficient
conditions such as the discrete version of the maximum principle and thus
satisfy all the financial requirements of the option contract such as positivity and do not suffer of undesired spurious oscillations.
For valuation of barrier options in this book is included an extended
research of numerous remedies for achieving fast convergence of the finite
difference solution in the supremum norm that is most relevant in Finance.
In the book we have explored both numerical and semi-analytical approaches using a model structure for discrete double barrier knock-out
options that includes m-number independent normally distributed random

variables where m is the number of the monitoring dates. We present an
analytical formula for the option value which represents a m-dimensional
definite integral with limits including the two barriers and the strike price
and propose a fast and accurate algorithm for its valuation.
For frequently explored examples of discrete double barrier options in
literature we have done numerous experiments and obtained highly accurate computational results that are compared with those obtained by other
numerical and analytical methods.
Last, but not less of importance, we present the radial basis functions
(RBFs) method for pricing American put options that is a classical problem
in Finance. The radial basis functions (RBF) method is an efficient mesh
free technique for the numerical solution of partial differential equations.
The main advantage of numerical methods which use radial basis functions
over traditional techniques is the meshless property of these methods where
a set of scattered nodes are used instead of meshing the domain of the problem. We consider a partial integro-differential equation (PIDE) problem
with a free boundary, arising in American option model when the stock
price follows a diffusion process with jump components. The proposed
method is stable and the results are in agreement with those obtained by
other numerical methods in literature.
Thus, the RBFs method turns out to be one an efficient and one of the
modern quantitative methods in computational Finance.
Keywords: Option Pricing Models, Black-Scholes Model, Jump-Diffusion
Models, Discontinuous Payoff, Numerical Solution of PDE, Exotic Options,
Finite Difference Schemes, Non-standard Hypothesis, Discrete Monitoring,
Double Barrier Knock-out Options, Crank-Nicolson Scheme, M-Matrices,
Spurious Oscillations, Multivariate Normal Probability Evaluation, Jump
Diffusion Process, American Options, Radial Basis Functions Method
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Chapter 1
Introduction
In the market of financial derivatives the most important problem is the so
called option valuation problem, i.e. to compute a fair value for the option.
The Black-Scholes analytic model for determining the behavior of the stock
price turns out to be fundamental in option pricing [10]. In addition, for
constant interest rate and volatility the famous Black-Scholes formula gives
an explicit formula for the value of European call and put options on a nondividend paying stock, section 3.3. But analytical formulas exist not only
for plain vanilla options but also for some non-standard options.
Peter Carr gives closed form formulas and replication strategies for barrier options, [16]. Analytical formulas using the method of images in case
of one barrier applied continuously presented by Kwok, [64]. For more
information a detailed comprehensive guide of option pricing formulas is
that of Espen Gaarder Haug, [43]. However, unfortunately, in case of barrier options, most of the frequently presented formulas assumed continuous
monitoring of the barrier, i.e. a knock-in or knock-out is presumed to happen if the barrier is touched at any instant during the life of the option.
Sometimes, the option price differs substantially between discrete and continuous monitoring, [64]. Broadie found an explicit correction formula for
discretely monitored option with one barrier, [14], see section 3.6. However,
1

this formula 3.31 could not be applied in presence of two barriers.
Five different approaches for option pricing have been summarized into a
unifying framework by Marco Airoldi, [2]. Often in literature they are listed
as binomial and trinomial trees, Monte Carlo simulations, finite difference
schemes, finding an analytical solution, and the quadrature method. In this
book we describe shortly their application in case of discrete barrier options
respectively in section 3.1, 3.2, 3.6 and 6.1.
In section 3.4 of Chapter 3 we show how the Black-Scholes equation
could be transformed into a heat equation with constant coefficients by
changing of variables such as 3.18 and 3.19, see section 3.5. Using this
approach the famous Black-Scholes option valuation formula has been derived from the obtained heat equation with the corresponding initial and
boundary conditions, see section 3.3. Analogously, other analytical formulas could be derived for the value of some options such as the supershare
binary call option with formula 3.26, the asset-or-nothing put option with
formula 3.24, and the down-and-out call option with formula 3.29, see section 3.6. A useful guide for numerous option pricing formulas implemented
in computer programing code in C++ is presented by Espen Haug in [43].
In addition, in option pricing often the finite difference scheme approach
is more easily explored to parabolic problems such as the heat equation
[101]. On the other hand, applying the Fourier’s method in the discrete
case and comparing the exact and finite difference solution of the heat
equation permits observing the convergence and accuracy of the applied
finite difference scheme and thus its efficiency, [106].
Path-dependent options could be priced using Monte Carlo simulations
but a desired level of accuracy is not achieved quickly, see section 3.2. Pricing down-and-in call option with a discretely monitored barrier using an
importance sampling technique and a conditional Monte Carlo is presented
by Glasserman, [11].
2
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In absence of a valuation formula for non-standard options, binomial and
trinomial trees are the simplest means for pricing, see section 3.1. Including
barrier constraints causes difficulties of adjusting the tree, see Kwok, [64].
The extension of the trinomial scheme to deal with time dependent barriers
is proposed by Cheuk and Vorst, [18].
Recently, various adaptive mesh mechanisms are used around the payoff
region of exercise price at maturity, see Shea in [98].
In the finite difference approach the Black-Scholes equation is resolved
backwards or from the initial condition (which is in fact the terminal payoff
at expiry), plus extra constraints in case of barriers, see next section 1.1.
The possibility of observation the entire life of the option is advantage
but for numerous grid points this a time-consuming process. In case of
discrete barrier options, the numerical solution of some finite difference
schemes such as the Crank-Nicolson one suffer from spurious oscillations
that derive from an inaccurate approximation of the very sharp gradient
produced by the knock-out clause, generating an error that is damped
out very slowly, [101]. This drawback could be avoided experimentally if
the time-step is prohibitively small, [102], or eliminated theoretically by
imposing some extra sufficient conditions, [101].
The example of discrete barrier option is of a particular interest for us
because this kind of path-dependent options has a discontinuous payoff
function. The discontinuous payoff option pricing deals with options that
are characterized by payoff with discontinuities.
In this book we explore both numerical and semi-analytical approaches
in discontinuous payoff option pricing. We have proposed a fast and accurate algorithm for valuation of discrete barrier options in section 6 using
concepts of probability theory.
Using a probabilistic approach for pricing discretely monitored barrier
options seemed to be ’tedious’, because it involves valuation of a multi3

variate normal distribution function, [64]. This approach is explored in
different forms such as the model of Wai [105], AitSahlia [3], or as the
quadrature method introduced by Andricopoulos [7] for single barrier options in 2003 and extended for double barrier options in 2005 by Tsai [104].
A more general formulation is given by Airoldi [2]: ’The option pricing of path-dependent European options could be reformulated as a path
integral that in case of discrete fixing dates reduces to a multi dimensional
integral whose dimension corresponds to the number of observation dates’.
Analogously, we postulate the problem for discrete double barrier options
as a path integral calculation and propose a fast and accurate numerical
algorithm for its valuation in section 6. The model structure is discussed
in section 6.1.
Section 7 consists of our computational results obtained by different
numerical and analytical methods previously discussed. We explore examples of discrete barrier options frequently used in literature [36], [86], [98],
[114], [120] and [122]. In the next two sections we discuss separately finite
difference and semi-analytical approaches.
Until the end of the previous century in Quantitative Finance a huge
bulk of research consists of exploration the famous Black-Scholes analytic
model [10] for determining the behavior of the stock price turns out to be
fundamental in option pricing. In this model it is assumed that the stock
follows the geometric Brownian motion process that is a diffusion process.
The key feature of it is that over a short enough period of time the stock
price can only change by a small amount.
Merton, however, observed that the changes in the stock price were
not always in small and continuous steps [73]. In many instances, either
when there is an announcement of market events or some type of human
interventions, the stock prices have shown immediate and substantial spikes
or dips in the prices [35].
4
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One idea to overcome the shortcomings of the inaccurate pricing of
the contingent claims is using more appropriate models such as stochastic
volatility models (Heston model) or models where the stock price may
experience occasional jumps rather than the continuous changes.
The stochastic volatility models are either too complicated to obtain
practical algorithms that are easy to implement and provide comparable
results or too simplistic and cannot capture the important leptokurtic features of the market [62]. Jump-diffusion models on the other hand are
easier to implement, better in capturing the market’s phenomena and are
comparative to stochastic volatility models in terms of pricing accuracy
[35]. When a stock price follows a jump diffusion process, it means that
the randomness can be split into two separate types of processes - the jump
process and the diffusion process.
Most of existing numerical methods in literature, e.g. the least-squares
approach of Longstaff and Schwartz [70], are effective in pricing American
options, however, one common problem with several of the methods is
when modifying the pricing technique to incorporate options where the
underlying stock follows a jump-diffusion process.
In general, American options are more flexible than the European option, i.e. an option can be exercised at any moment before the expiration
date, and therefore, the price of an American option is usually higher than
that of a European option. The added flexibility of American options, however, makes the analysis of such options much more complicated leading
to a free boundary problem [35].
In Chapter 8 we discuss the original Black-Scholes model and expose
a mathematical model for pricing American option under jump-diffusion
process. We postulate the option valuation problem as a partial integraldifferential equation that is an extension of the famous Black-Scholes equation with an integral part that reflects the jumps of the asset price.
5

We have chosen to extend the Black-Scholes model, by exploring the
jump diffusion (Poisson) model, see Merton [73] and the radial basis functions (RBF) method for approximation of the option prices. We make a
parallel between the finite difference approach and the RBF approximation
by exploring the structure of both methods, see Section 8.3.1.
In this book we describe the advantages and disadvantages of option
pricing methods for the valuation of American options of single asset that
follows a jump diffusion process. We explored the radial basis functions
(RBF) approach presented for frequently used in literature example of
pricing American put options and compare the results with those obtained
by other option pricing methods such as the Monte Carlo simulation of
Bradley [35], the quadratic approximation equation of Kou [61], the binomial tree method of Amin [6], the classical the Crank-Nicolson (CN)
scheme and robust finite difference methods such as the penalty method
[24], [25]. We justify the efficiency of the RBF approach in option pricing
and point important conclusions for jump diffusion models, e.g. although
they capture the important leptokurtic features of the asset prices but are
not good at modeling long term contracts in financial markets due to the
unpredictable nature of the markets in the long time periods [78].
All the listed advantages of the radial basis functions method (see section 8.3.2) are good motivation this method to be applied as a modern
Quantitative method in option pricing [40], [49], [65], [90], [97], [119]. The
contribution in the presented article is that we do not apply the radial
basis functions to the original Black-Scholes equation [40], [49] or its transformation to heat equation [65], [119], but explore the option valuation
problem in the framework of the jump diffusion models of Merton [73] and
Kou [61].
Of course, there are many nonstandard methods but in the present book
we will discuss the most universal of them for option pricing.
6
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1.1

Discrete Double Barrier Knock-out Option Pricing Problem - Black-Scholes Equation and Finite
Difference Approach

In principle, barrier features may be applied in continuous or discrete manner to any option and options with complex payoff are obtained. One example of barrier options with a discrete monitoring clause is the following
option:

Definition 1.1.1. A discrete double barrier knock-out call option is an
option with a continuous payoff condition equal to max(S − K, 0) which
expires worthless if before the maturity the asset price has fallen outside
the barrier corridor [L, U ] at the prefixed monitoring dates: at these dates
the option becomes zero if the asset falls out of the corridor. If one of the
barriers is touched by the asset price at the prefixed dates then the option
is canceled, i.e. it becomes zero, but the holder may be compensated by a
rebate payment.
In the present book only European options are explored, i.e. they may
be exercised only at expiry. 1 We take options with no rebates, i.e. the
option is zero at the monitoring dates of one of the barriers is touched
by the asset price. Let L and U be the lower and the upper barrier,
respectively, K is the strike price and the set B = { ti | ti ∈ [0, T ]} consists
of the times the when barriers are applied. We assume that the barriers
are applied discretely and the barrier times ti are distributed uniformly in
the set B.
1

A discrete barrier is one for which the barrier event is considered at discrete times, rather than the
normal continuous barrier case. It should be noted that, away from the monitoring dates, the option
price can move on the positive real axis interval [0, +∞].
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The discrete monitoring is due to the fact that one trading year is considered to consist of 250 working days and a week of 5 days. Thus, taking
for one year T = 1, the application of barriers occurs with a time increment
of 0.004 daily and 0.02 weekly. If i = 1, . . . , m, for half year, i.e. T = 0.5,
we have for quarterly, monthly, weekly and daily monitoring respectively
m = 2, m = 6, m = 25 and m = 125 observations dates.
Using the Black-Scholes model developed in section 2.2.2, the option
valuation problem reduces to solving the Black-Scholes-Merton partial differential equation for the option price V (S, t) in the form where t is the
time to expiry T of the contract, i.e.
∂V
∂V
1
∂ 2V
+ rS
+ σ2S 2
− rV = 0
(1.1)
∂t
∂S 2
∂S 2
where r is the interest rate, and σ is the volatility. Both parameters are
constant.
This equation 1.1 is of a parabolic type endowed with the following
initial, boundary and barrier constraint conditions:
Boundary conditions in the computational domain [0, Smax ] × [0, T ] are
−

V (0, t) = 0 ,
barrier constraint
V (S, t) =

(

V (Smax , t) = 0 ,

0
if S ≤ L or S ≥ U and t ∈ B
V (S, t) otherwise

and initial conditions (payoff for the original problem at T )

if S ≤ L

0
V (S, 0) =
S − K if L ≤ S < U


0
if S ≥ U

where Smax is sufficiently large such that the computed values are not
appreciably affected by the upper boundary. In finite difference schemes
Smax is known as the cautelative value.
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In general, the Black-Scholes equation 1.1 has many solutions, corresponding to all the different derivatives that can be defined with S as the
underlying variable. The particular derivative that is obtained when the
equation is solved depends on the boundary conditions that are used, [50],
see section 3.4. Thus, having in mind that these conditions are defined
by the option payoff derivatives could be classified using the payoff of the
options as in section 2.1.2. The payoff classification is important in finite
difference approach. 2
The payoff function of some options differs from that of plain vanilla
options with irregular properties such as non-smoothness or discontinuity,
see examples 2.1.4-2.1.7. For such derivatives, the Black-Scholes partial
differential equation has discontinuous initial conditions and this is one of
the major reasons the option valuation problem to be a difficult task using
the finite difference approach. Briefly, this could be explained thus: the
Black-Scholes is a partial differential equation of parabolic type that has a
smoothing property, i.e. for positive time the analytic solution is infinitely
differentiable even if the initial data is non-smooth. Thus, accurate finite
difference schemes should exhibit an analogous smoothing property or also
known as a damping property.
Unfortunately, some standard finite difference schemes are prone to undesired spurious oscillations in neighbourhood of a point of discontinuity
or requires prohibitively small time step [79]. In case of non-smooth initial
data, practical experiments show convergence in the L2 norm, but not in
the supremum norm that is most relevant in finance. The Crank-Nicolson
method for parabolic equation is unconditionally stable in the L2 norm,
see examples of measuring the error in the numerical approximations in
the maximum norm in [38], [69], [106].
2

Usually, it is more convenient the Black-Scholes equation to be solved backwards in time as the payoff
for the original problem at T becomes an initial condition, see formula 3.10.
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We have done a detailed analysis of the Crank-Nicolson method that is
the most preferred method in computational Finance because of its high
order accuracy and unconditional stability, see section 5.3 of Chapter 5.
Recently, have been invented many numerical techniques for overcoming
the difficulty of valuation options with discontinuous payoff. We have done
a short review of the most frequently used convergence remedies known
by practitioners of finite difference scheme applied to the Black-Scholes
equation with irregular boundary conditions, see Chapter 4.
In Chapter 5 we propose various finite difference schemes for the BlackScholes equation in case of discrete double barrier options. In fact, our
suggestions are variants of the well-known Crank-Nicolson scheme, implicit
and semi-implicit schemes but differs with some extra imposed sufficient
conditions and thus satisfy all the financial requirements of the option contract such as positivity and do not suffer of undesired spurious oscillations.
Some of the proposed schemes could be applied within the strategy
suggested by Rannacher [71], consisting of a combined use of different
finite difference schemes in order to satisfy all the severe requirements
of the option valuation problem. For example, in Section 5.6 we have
presented an alternative scheme to the classical fully implicit one that don’t
suffer from spurious oscillations originating from discontinuous boundary
conditions. This is due to the fact that the scheme has an iteration matrix
characterized by a real and positive spectrum which allows a fast damping
of errors of any order. The proposed implicit scheme has a lower accuracy,
i.e. O((∆S)2 , ∆t), but it is positivity-preserving and satisfies the discrete
maximum principle 5.1, see definition 5.2.1 in Chapter 5. The scheme
operates uniquely during the first few time steps, next it is replaced by a
higher order one. The latter starts from a smooth initial condition thanks
to the contribution of the used first scheme.
10
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1.2

Discrete Barrier Options: New Semi-analytical
Approach

In this book we have explored not only numerical but also some semianalytical approaches in discontinuous payoff option pricing.
In section 6.1 is discussed a model structure for discrete double barrier knock-out options that includes m-number independent normally distributed random variables where m is the number of monitoring dates. We
expose an analytical formula for the option value in theorem 6.1.1 which
represents a m-dimensional integral definite integral with limits including
the known parameters that are the two barriers and the strike price.
In Section 6.2 we propose a numerical algorithm for fast and accurate
valuation of the multi dimensional integral that represents the formula for
the option price of section 2. We propose a quick numerical algorithm for
valuation of pricing formula (6.6) and thus to overcome the time-obstacle
that is frequently met in computations.
We present an error estimation of our approximation and derive for
discrete barrier options an identity similar to the famous put-call parity in
section 6.3.
Section 7 consists of computational results compared with all previously
discussed numerical and some analytical methods in literature [36], [86],
[98], [105], [120] and [122].
In Chapter 9 we summarize the research of this book with some important conclusions for pricing options that have discontinuous payoffs. We
discuss some numerical drawbacks of the finite difference approach such
as the inaccurate approximation of the very sharp gradient produced by
the knock-out clause in case of barrier options, generating an error that is
damped out very slowly. And it does not exist a universal finite difference
scheme for options with nonlinear payoffs [95]. The choice of the scheme
11
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depends on the parameters of the option contract and mainly on the properties of the respective payoff function such as smoothness and continuity.
We give some final remarks for the proposed finite difference schemes in
Chapter 5 and the proposed semi-analytical method in Chapter 6.
This final Chapter 9 contains also two sections in which we discuss some
concepts in option pricing such as the difference of the barrier option value
in the two cases of discrete and continuous monitorng , see Section 9.1.
In the second Section 9.2 we consider that exploring and implementing
modern quantitative methods in contemporary life is an interdisciplinary
process and requires a good knowledge of different scientific areas such as
Physics, Algebra, Numerical Analysis, Discrete Mathematics, Probability
and Statistics, Programming, Graph Theory, Heuristics and a lot of others.
In the present book we have also included three appendices. The first
one, i.e. Appendix A, consists of four sections describing the definition,
structure, properties and classification of different M-matrices in Linear
algebra. Such matrices have a huge application in Quantitative Finance
as they preserve positive and free of oscillations the numerical solution
of parabolic partial differential equations such as the Black-Scholes one.
Nonnegativity of the inverse of a M-matrix is essential property as most
models in real life and financial markets utilize nonnegative variables.
Appendix B shows how to implementated the presented Quantitative
methods in Matlab. The authors of this book have publicated a huge part
of the presented research in articles pointed in the Bibliography. Appendix
C consists of the reviewers’ reports on three of the publicated articles, i.e.
[75], [83] and [81]. We believe that the reading the review of theese articles it could be better understand the ideas of the presented quantitative
methods in this book as well as their scientific contribution. For example,
in Section C.1 it is considered the advantage of the proposed semi-implicit
finite difference scheme presented in Section 5.6, Chapter 5 in this book.
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Chapter 2
Financial Derivatives
Nowadays, derivatives have become very important ’tool’ in the world of
Finance. All over the world every day futures and options are traded
actively not only on exchanges but also in what is known as the over-thecounter market by financial institutions.
A derivative usually is defined as a financial instrument whose value depends on the values of other, more basic underlying asset that is typically a
stock, or shares of a company. Hence, the name derivative. There are different kind of derivatives such as credit derivatives, electricity derivatives,
weather derivatives, and insurance derivatives.
Of particular interest in derivatives markets are options that permits to
make a bet on rising or falling values of an underlying asset. Thus, immediately one could answer the question what options are for. For example,
an investor who believes that the price of a particular stock would increase
could make a profit buying shares in that company. Depending on the
future price he could make or lose money. This investor expresses one of
the two primary uses of options, i.e. speculation. The other important role
of options is hedging or reduction of risk. The ratio of assets and options in
the portfolio brings hedgers again to a central problem, i.e. option pricing.
The option valuation problem is to compute a fair value for the option.
13
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More precisely, it is to compute a fair value at which the option may be
bought and sold on an open market. This price is called premium.
The enormous interest in options encourages us to make a study of
traditional and some special types of option such as barrier ones where
valuation occurs to be difficult.

2.1

What Are Options?

Options are generally defined as a ’contract’ between two parties in which
one party has the right but not the obligation to do something, usually to
buy or sell some underlying asset. All over the world options are traded
every day by financial institutions.
The essential of options is that having rights without obligations has
financial value in speculation and hedging. Of course, entering in such
contract costs money, i.e. the premium of an option, that distinguishes
options from forwards and futures where nothing is paid for acquiring
contract but buying or selling the underlying asset is obligation.
The party who fixes the conditions of the agreement, more often a bank,
is the writer and the purchaser of the option is the holder.
There are two basic types of options. When the holder has the right to
buy the underlying asset by a certain date for a certain price the option is
call. The price in the contract is known as the exercise price or strike price.
The date in the contract is known as the expiration date or maturity. The
other type of options are put options where the holder obtain the right to
sell the underlying asset. Colloquially call and put option are called plain
vanilla options, because they are ubiquitous or standard derivatives.
Depending ot the date of exercise options are classified as European or
American.1 European options can be exercised only on the expiration date
1

The terms American and European do not reflect to the location of the option or the exchange. Some
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itself. In contrast, American options-at any time up to the expiration date.
Hence European options are generally easier to analyze than American
options, and some of the properties of an American options are frequently
deduced from European.
2.1.1

Basic Types of Options: Call and Put Option

For understanding better the concept of options we will present two examples that are similar to these in [50].
Example 2.1.1. Call Option. Let the option be a European call with
a strike price of 50e and an investor who wants to purchase 200 Italian
Telecom shares. It is known also that the current stock price is 48e, the
expiration date of the option is in five months, and the option price of one
share is 3e.
The initial investment is 200 × 3 = 600e. The investor can exercise only
on the expiration date because the option is European. If the stock price
is less than 50e , the investor will clearly not to exercise. (It is senseless
buying for 50e , a share that has a market value of less than 50e , because
the whole of the initial investment of 600e will be lost. If the stock price
is above 50e on the expiration date, the option will be exercised.
For instance, if that the stock price reach 65e, by exercising the option,
buying 200 shares for 50e per one and selling them immediately makes a
profit of 15e per share, or 200 × 15 = 3000e , ignoring transactions costs.
After discounting the initial cost of the option of 200 × 3 = 600e, the clear
gain to the investor is 2400e .
Figure 2.1 shows the profit or loss on an option of one share respectively
without and with initial cost of 3e of the option taken into account. We
could see how the profit varies with the final stock price.
options trading on North America exchanges are European.
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Figure 2.1: Payoff of a European call option on one Telecom share.

Options are exercised even when the investor makes a loss. If Telecom
Italia stock price is 51e at the expiration, exercising the option for a gain
of 200 × (51 − $50) = 200e leads to a loss overall of 600 − 200 = 400e
when the initial cost of the option is taken into account. However, not
exercising would lead to a maximum loss of 600e , which is worse than the
400e . In general, call options should always be exercised at the expiration
date if the stock price is above the strike price.
The expectation of an investor of a call option is in contrast to that of
a put option. The first is hoping that the stock price it will increase, the
second to decrease.
Example 2.1.2. Put Option. Consider an investor who buys a European
put option to sell 400 shares in Vodafone with a strike price 100e. Suppose
that the current stock price is 95e, the expiration date of the option is in
two months, and the price of an option to sell on share is 8e.
16

CHAPTER 2. FINANCIAL DERIVATIVES

100

30

90

25

80
20
70
15
Clear Profit

Profit

60
50
40

10
5

30
0
20
−5

10
0

0

50
100
Terminal stock price

−10
60

150

80
100
Terminal stock price

120

Figure 2.2: Payoff a European put option on one Vodafone share.

The initial investment is 400 × 8 = 3200e . The option will be exercised
only if the stock price is below 100e at the expiration date, i.e. ST < 100.
If S = 75e on this date, buying 400 × 75 = 30000e and selling the same
shares for 100e realizes a gain of 25e , or 400 × 25 = 10000e . The clear
profit is 10000 − 3200 = 6800e . But if final stock price is above 100e ,
i.e., ST > 100, there is no guarantee that the investor will make a gain, the
put option expires worthless, and the investor loses 3200e .
Figure 2.2 shows the profit or loss on an option of one share, respectively without and with initial cost of 8e of the option taken into account.
We could see how the profit varies with the final stock price. Thus these
graphics represent a function that is usually called a payoff function, i.e.
the profit f [S(T )] is a function that depends of the final stock price S(T ).
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2.1.2

Payoff Characterization

In the previous section the basic idea of the payoff function states that the
profit f [S(T )] is a function that depends of the final stock price S(T ). It
is often useful to characterize financial derivatives in terms of the terminal
value or payoff to the investor at the maturity. Usually the initial cost of
the option is then not included in the calculation.
When the payoff function is a continuous function we will see that there
exist various ways determining the fair value for the option. However, in
case of a option with a payoff function characterized with jumps the option
valuation problem becomes more complicated. For example, such class of
option are barrier ones.
We will state the definition of the payoff function for standard options.
If K is the strike and ST is the final price of the underlying asset, the payoff
from a long position in a European call option is
f [S(T )] = max(ST − K, 0)
This reflects the fact that the option will be exercised if ST > K and will
not be exercised if ST ≤ K. The payoff to the holder of a short position in
the European call option is
f [S(T )] = −max(ST − K, 0) = min(K − ST , 0)
We could look on Figure 2.1 and Figure 2.2 as the graphics of a profit
function of the final stock price that shows how the investor’s net profit or
loss on an option to purchase one share varies. This function is a continuous function and we could give a formal description of the call and put
options as options with continuous payoff condition. In this manner we
could characterize all kind of options according to their payoff.
Of particular interest for us are options with a discontinuous payoff
condition such as barrier options. Their definition and a classification of
most frequently used options we will present in the next section.
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2.1.3

Path-dependent Options or Exotics

The call and put option we have considered so far are sometimes termed
plain vanilla (colloquially called vanilla options, because they are ubiquitous) or standard derivatives. The possibilities for designing new interesting nonstandard derivatives seem to be almost limitless. Nonstandard
derivatives are sometimes termed exotic options or just exotics. We will
make a short review. Firstly, feature of American options only is that not
only must a value be assigned to the option but also we must determine
when it is best to exercise the option.2 Other type of options are the socalled exotic or path-dependent options. These options have values which
depend on the history of an asset price, not just on its value on exercise.
For instance, options which depend on the geometric average of the asset
price, the maximum or the minimum of the asset price, etc. We can put
all of the described different types of options into a unifying framework:
• barrier options - the option can either come into existence or become
worhthless if the underlying asset reaches some prescribed value before
expiry;
• Asian options - the price depends on some form of average;
• lookback options - the price depends on the asset price maximum or
minimum.
2.1.4

Single and Double Barrier Options

Definition 2.1.1. Barrier options differ from vanilla options in that part
of the option contract is triggered if the asset price hits some barrier, S=X,
at any time prior to expiry.
2

To the mathematicians, American option are more interesting since they can be interpreted as free
boundary problems.

19

2.1. WHAT ARE OPTIONS?

Being either calls or puts, barrier options are categorized as follows:
• up-and-in: the spot price starts below the barrier level and the option
expires worthless unless the barrier S=X is reached from below before
expiry;
• down-and-in: the spot price starts above the barrier level and the
option expires worthless unless the barrier S=X is reached from above
before expiry;
• up-and-out: the spot price starts below the barrier level and the
option expires worthless if the barrier S=X is reached from below
before expiry;
• down-and-out: the spot price starts above the barrier level and the
option expires worthless if the barrier S=X is reached from above
before expiry.
In other words, we could formally describe the four basic forms of barrier
options in the following way. That is, the right to exercise either appears
(’in’) or disappears (’out’) on some boundary in (S, t) space, above (’up’)
or below (’down’) the asset price at the time the option is created.
Example 2.1.3. A European option whose value becomes zero if the asset
price ever goes as low as S=X. If the payoff is otherwise the same as that
for a call option then we call this product a European ’down-and-out’ call.
An ’up-and-out’ option has similar characteristics except that it becomes
worthless if the asset price ever exceeds a prescribed amount.
These options can be further complicated by making the position of the
knockout boundary a function of time and by having a rebate. 3 This
3

Some barrier options specify a rebate, usually a fixed amount paid to the holder if the barrier is
reached in the case of out-barriers or not reached in the case of in-barriers.
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Figure 2.3: Payoff diagram of a barrier option with discrete monitoring clause.

makes the option more attractive to potential purchasers. The following
example of such option is of a particular interest of our dissertation because
according to section 2.1.2, it is characterized by a discontinuous payoff
condition. Let K be the strike, S is the price of the underlying asset and
f [S(T )] is the payoff function at the expiry T .
Example 2.1.4. A discrete double barrier knock-out call option is an option with a continuous payoff condition equal to max(S − K, 0) which expires worthless if before the maturity the asset price has fallen outside the
barrier corridor [L, U ] at the prefixed monitoring dates: at these dates the
option becomes zero if the asset falls out of the corridor. If one of the
barriers is touched by the asset price at the prefixed dates then the option
is canceled, i.e. it becomes zero, but the holder may be compensated by a
rebate payment.
To describe the payoff f [S(T )], let denote with V (S, τ ) the value of
option price at the current time τ before the expiry T . By changing the
21
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variable τ by τ = T − t, we could observe the option value V (S, t) in time t
of the interval [0, T ]. The payoff f [S(ti )] at the prefixed monitoring dates
t−
i , i.e. 0 = t0 < t1 < . . . tF = T , will be f [S(ti )] = V (S, ti ).
In explicit form the payoff f [S(ti )] and the barrier constraints lead to
the following payoff characterization conditions:
f [S(t0 )] = V (S, 0) = max(S − K, 0) 1 [ L,U ] (S)

(2.1)

that is defined as initial condition because after the change τ = T − t the
payoff f [ST ] or the terminal value of the option at the maturity T becomes
initial value of the option at time t0 . The barrier constraints lead to the
following condition for S defined also as a boundary condition:
V (S, t) → 0

as S → 0 or S → ∞

(2.2)

The discrete monitoring of the option leads to updating of the initial conditions V (S, ti ) at the monitoring dates t−
i , i.e. 0 = t0 < t1 < . . . tF = T :
V (S, ti ) = V (S, t−
i ) 1 ( L,U ) (S),

i = 1, 2, . . . , F

(2.3)

where 1 [ L,U ] is the indicator function, i.e. 1( L,U ) = 1, if x ∈ (L, U ) and
1 [ L,U ] = 0, if x ∈
/ (L, U ). At time t+
i are applied the barriers L and U as
illustrated on Fig. 2.3.
In this case of barrier options we suppose no rebate if one of the barriers
is touched.
It should be noted that, away from the monitoring dates, the option
price V (S, t) can move on the positive real axis interval [0, +∞]. In principle, barrier features may be applied to any options. And we will present
another example of an exotic option that looks like a discrete barrier options because it has a discontinuous payoff function.
Example 2.1.5. Cash-or-nothing call option pays nothing if the asset
price ends up below the strike price K at time T and pays a fixed amount
22
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Figure 2.4: Cash-or-nothing call and putt payoff diagrams.

if it ends up above the strike price K. 4 (The definition of asset-or-nothing
options is slightly different than this one.)
In synthesis if the fixed amount is denoted with A the payoff at expiry
is:
f [S(T )] =

(

A if S(T ) > K, and
0 if S(T ) < K

It is not specified the payoff for the case S(T ) = K. This case is formally
defined. 5
Example 2.1.6. Supershare binary call option is considered having a
discontinuous payoff, specified by:

f [S(T )] =

(

1
d

if K ≤ S ≤ K + d, and
0 otherwise

Here K plays the role of a strike price as usual and the parameter d gives
the width of the positive payoff region, see Figure 2.5.
Cash-or-nothing options are sometimes called binary, or digital options,
although these phrases are also used more generally when there is a discontinuous payoff diagram. Figure 2.4 and 2.5 illustrates respectively the
4

A cash-or-nothing put is defined analogously to a cash-or-nothing call. It pays off A if the asset is
below the strike price K and nothing if it is above the strike price K.
5
This is an exceptional event; technically it occurs with zero possibility, so the resulting payoff is not
important. For instance, in [48] it is assumed that A/2 is paid off when S(T ) = K.
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Figure 2.5: Supershare binary call payoff diagram.

payoff diagrams for cash-or-nothing call and put, and supershare binary
call. The discontinuity of the payoff on these diagrams are located at the
points K and K + d.
Some nonstandard derivatives are simply portfolios of two or more plain
vanilla call and put options, or portfolios of binary options. For example,
the payoff function of a supershare binary call option could be expressed
as a difference of the two payoff functions of cash-or-nothing binary call
options respectively with different strike prices K and K + d. Figure 2.6
reflects this idea. Moreover, the sum of the payoff function of two barrier
(’in’) and (’out’) options is a respective plain vanilla option.
All these arguments are useful for determining the fair value of complex
derivatives . Thus, analytical formulas could be derived using previously
known explicit formulas such as the famous Black-Scholes option valuation
formula for the value of European put and call options on a non-dividend
paying stock, see [43]. This formula is presented later in subsection 3.3.
A theoretical survey and computational problems associated with the
pricing and hedging of spread options are presented in [30]. More information and description of different types of options is provided in [43].
Example 2.1.7. A truncated payoff call option has payoff that is obtained by truncating the payoff of a vanilla call as follows:
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Cash - or - nothing call

1/d

Cash - or - nothing call

1/d

K

K+d

Figure 2.6: Supershare binary call as a combination of cash-or-nothing binary payoffs.

f [S(T )] =

(

S(T ) − K if S(T ) ∈ [K, Sb ], and
0
otherwise

The stock price Sb acts as a barrier, canceling the option if S(T ) > Sb . In
this case, the option is canceled only if the barrier is crossed at maturity.
Nothing happens if the barrier is crossed before the maturity.
Remark 2.1.1. The importance of this example is that the payoff function
f [S(T )] is not a monotonic function of the stock price as the payoff function
max(ST − K, 0) of a plain vanilla call option.6

2.2

Option Valuation Problem

As we have mentioned in the introduction the option valuation problem is
to compute a fair value at which the option may be bought and sold on an
open market.
In the early 1970s Fisher Black, Myron Scholes and Robert Merton have
developed an analytic model that determines the stock prices behaviour. 7
This model turns out to be fundamental in option pricing.
6

Later, in subsection 3.2 we will introduce the Monte Carlo method. Now, we could just say that
when applying variance reduction techniques, antithetic sampling is not guaranteed to work.
7
See F. Black and M. Scholes, ’The Pricing of Options and Corporate Liabilities’, Journal of Political
Economy, 81 (May/June), 637-659.
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We have described it shortly in section 2.2.2 choosing the approach of
Wilmott in [117].
When the interest rate and the volatility are constant the famous BlackScholes formula gives an explicit formula for the value of European put and
call options on a non-dividend paying stock, see formula 3.1 of section 3.3.
We will present this formula in the next subsection without deriving it.
But analytical formulas exist not only for plain vanilla options but also
for some non-standard options such as the path-dependent ones described
in the previous sections. A comprehensive guide of option pricing formulas
is that of Espen Gaarder Haug, [43].
However, we should emphasize, that in case of barrier options, most
of the frequently presented formulas assume continuous monitoring of the
barrier, i.e. a knock-in or knock-out is presumed to happen if the barrier
is touched at any instant during the life of the option.
Sometimes, the option price differs substantially between discrete and
continuous monitoring, [64]. Broadie found an explicit correction formula
for discretely monitored option with one barrier, [14]. However, it could
not be applied in presence of two barriers, i.e. example 2.1.4.
Fortunately, in Finance there are numerous numerical techniques to
value derivatives when exact formulas are not available, see [13], [107].
The most popular of them are:
• Monte Carlo simulation - it is a very useful method for path-dependent
options. Multi-asset options are treated easily, see [12], [48].
• Binomial trees-in absence of a valuation formula for non-standard
derivatives, the binomial method has the advantage that it is well
adapted, see [47]. In particular, the binomial method provides the
simplest means to value American options.
• Finite difference methods - the Black-Scholes equation is resolved
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backwards from the boundary condition (which is the terminal payoff
at expiry, plus extra constraints in case of barriers 8 ). 9
Discontinuous Payoff Option Pricing deals with options that are characterized by payoff with discontinuities. For such derivatives, the BlackScholes partial differential equation has discontinuous initial conditions.
Finite difference schemes have advantage over other numerical approaches
such as Monte Carlo method because they permit observation of the entire
life of the option but sometimes this a time-consuming process.
We will present shortly all of the methods in order to compare the value
of the respective option and thus increase the reliability of our results.
2.2.1

A Simple Model for Asset Prices

Any variable whose value changes over time in an uncertain way is said
to follow a stochastic process. At this moment will not go in details what
are stochastic processes, because our main goal is examining the behaviour
of stock prices. The curious readers could in advance found abundant
information in most books of probability such as that of Durret in [28],
Kannan in [55], Karlin in [57], Todorovic in [103] and Ventsel in [109].
But not only from a probabilistic point of view the asset price moves
randomly but also this is confirmed by the efficient market hypothesis.
Two basic features are distincted of this hypothesis:
• The past history is fully reflected in the present price which does not
hold any further information;
8

Discrete monitoring could be handled by some tricky modifications of the numerical scheme, [120].
The Black-Scholes model leads to a partial differential equation that has many solutions, corresponding to all the different derivatives that can be defined with the underlying asset, see section 3.4. The
particular derivative that is obtained when the equation is solved depends on the boundary conditions
that are used. Starting from the equation the problem is problem is reduced to solving a linear system
of the type AX = B. Finite difference transformations preserve all the properties of the initial model.
9
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S

dS

dt

t

Figure 2.7: Discrete random walk description.

• Markets respond immediately to any new information about an asset.
Stock prices are usually assumed to follow a Markov process, a particular
type of stochastic process where only the present value of a variable is
relevant for predicting the future.
Markov processes are described in details by Dynkin in [29] and by
Ethier in [31].
The asset price movement is usually described by a model called simple
asset price model. We will introduce shortly the idea of it following the
explanations of Wilmott in [117]. With each change in asset price, instead
of the absolute change as a measure, it is more appropriate to associate
another useful indicator that is the return. This quantity is defined to be
the relative change in the price, i.e. dS/S.
Let at time t the asset price be S and in a small subsequent time interval
dt, S change to S + dS, as it is sketched in Fug. 2.7. The main idea to
model the corresponding return on the asset is to decompose this return
into two parts according to anticipation:
1. Predictable, deterministic and anticipated return akin to the return
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on money that are invested in a risk-free bank.
2. Random change in the asset price in response to external effects, such
as unexpected news.
The first gives a contribution µdt and the second σdX. Putting together,
we obtain the following stochastic differential equation
dS
= µ dt + σdX
(2.4)
S
where µ is a measure of the average rate growth of the asset price, also
known as the drift, and σ is a number called the volatility, which measures
the standard deviation of the returns. Both parameters are constants.
The term dX contains the randomness of asset prices and is known as a
Wiener process. The term dX is a random variable, drawn from a normal
distribution with mean zero and the variance of dX is dt.
Equation 2.4 is the mathematical representation of our model for generating asset prices. This simple asset value model is known as geometric
Brownian motion and has been developed by F. Black and M. Scholes in
1973, [10]. Naturally, the model is known as the Black-Scholes model and
has became famous for the Black-Scholes formula that gives an explicit
formula for the value of European put and call options on a non-dividend
paying stock when the interest rate and the volatility are constant.
2.2.2

The Black-Scholes-Model

We will make a short review of the Black-Scholes model of stock price
behavior which is exactly the model developed in the previous section.
The discrete-time version of it is:
√
√
δS
= µ dt + σǫ δt
or
δS = µ Sdt + σSǫ δt
S
The variable δS is the change in the stock price S in a small time interval
δt, and ǫ is a random variable drawing from a standard normal distribution.
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In other words the Black-Scholes model assumes that percentage changes
in the stock price in a short period of time are normally distributed, i.e.
√
δS
∼ φ (µ dt, σ δt)
S
where φ(m, s) denotes a normal distribution with mean m and standard
deviation s.
We will show also that the model implies more about the behaviour of
the price of a stock option, i.e. the stock’s price at time T, given its price
today, is lognormally distributed. 10 For a function of the underlying stock’s
price and time such as the stock price an important result was discovered
by the mathematician Kiyosi Itô in 1951 known as Itô’s lemma, [52], [87].
Using this lemma, an equivalent expression of equation 2.4 is obtained:

1 2
(2.5)
d lnS = µ − σ dt + σdX
2

Because µ and σ are constant, this equation indicates that lnS follows a
generalized Wiener proces with drift rate µ − σ 2 /2 and constant variance
rate σ 2 . The change in lnS between time zero
future time, T, is
 and some

therefore normally distributed with mean µ − 12 σ 2 T and variance σ 2 T .
This means that
h

√ i
1 2
ln ST ∼ φ ln S0 + µ − σ T, σ T
(2.6)
2

where ln ST is the stock price at a future time T and S0 is the stock price
at time zero.
Equation 2.5 is particularly useful as it can be integrated, i.e.


Z t
1 2
dX
S(t) = S(0) exp
µ− σ t+σ
2
0
From a computer simulation perspective, we need to know how to generate
a typical discrete asset path. To simulate this, we must discretize the time
10

A variable has a lognormal distribution if the natural logarithm of the variable is normally distributed.
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with a time step δt, i.e. ti = i δt. However, in advance we need to recall the
properties, (see [56], [109]), for the increments of standard Wiener process
Wt happening at time t
1. The expectation of the differential increments dWt at any point in
time t is zero:
E[dWt ] = 0
2. The variance of the differential increments dWt at any point in time t
is equal to the associated differential increments in time:

2
2
V [dWt ] = E[dWt ] − E(dWt ) = E[dWt2 ] = dt
This means that the sum of increments, i.e the value of the process variable Wt , is normally distributed with zero mean and a standard deviation
√
of t:
Z t
√
dWs ∼ N (0, t)
Wt =
0

In the design of the well-known Monte Carlo algorithm in litereture
we frequently use a more general formulation
property of

 qR of the second
RT
T
2
using that the
a Wiener process: 0 f (t)dWt ∼ N 0,
0 (f (t)) dt
variance of a Wiener process is linearly additive. The last formula is of
fundamental importance in many applications since it enables to bypass
the numerical solution of the stochastic integral on the left-hand side and
the directly draw variates that represent the distribution of the entire expression, see Peter Jäckel in [53].
In other words the change the additivity leads to:


√
1 2
S(t + δt) = S(t) exp
µ − σ δt + σ ǫ δt
(2.7)
2
where ǫ ∼ N (0, 1). Based on equation 2.7 and from S0 = S(0), it is easy
to generate sample paths for the asset price.
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Figure 2.8: Generated random sample paths of the asset price.

For instance, let us generate and plot on Fig. 2.8 three one-year sample
paths for an asset with an initial price $50, drift 0.1, and volatility 0.3 (on a
yearly basis), assuming that the time step is one day. Fig. 2.8 is generated
implementing formula (2.7) with the Matlab program AssetP aths.m and
calling the command paths = AssetP aths(50, 0.1, 0.3, 1, 365, 3), see the
source code and details in Appendix B.
But there are numerous techniques for simulation of random asset paths.
A very popular one involves constructing a binomial tree [21]. This is a
diagram that represents different possible paths that might be followed by
the stock price over the life of the option, see Fig 3.1 in Section 3.1 of the
next Chapter 3 where the most popular quantitative methods for option
pricing are presented. Pricing is often a subsequent step after simulation.
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Quantitative Methods in Finance
3.1

Binomial Method

There are two main ideas underlying the binomial method. The first of
these is that the continuous random walk 2.4 may be modelled by a discrete random walk. The second assumption is that of a risk-neutral world,
that is, one where an investor’s risk preferences are irrelevant to derivative
security valuation, i.e. the return from the underlying asset is the risk-free
interest rate.
In a binomial method, given an initial asset price, we first build a tree
of possible values of asset prices and their probabilities, Fig. 3.1. Using
the tree the possible asset prices at expiry are determined and also all the
probabilities of these asset prices. The possible values of the option at
expiry can then be calculated, and by working back down the tree using a
mathematical relation of the tree nodes, the option can be valued.
Remark 3.1.1. We are assuming that the payoff function is determined
only by the value of the underlying asset at expiry. This is not the case,
for example, for a path-dependent options such as barrier options, lookback
and Asian ones.
However, a useful consequence is that we can quite easily deal with the
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possibility of early exercise and with dividend payments. The binomial
method provides the simplest means to value American options, see Appendix B. We could value also options with discontinuous payoffs such
as discrete barrier options but we should use a more complicated lattice
model for the asset price such as special types of trinomial trees with adaptive mesh mechanism around the nonlinear payoff region of exercise price
at maturity, see Shea in [98]. For the possible values of the asset price the
trinomial tree has one more state than the binomial tree and thus it has
more degrees of freedom. The trinomial method has proved to be more
useful and adaptable for many derivative applications. There is a close
connection of trinomial trees and explicit finite difference schemes, both
methods are equivalent, see for details [50] and [120].
Trinomial trees can be used as an alternative to binomial trees. Calculations for trinomial trees are analogous to those for binomial trees but,
the importance of the trinomial tree approach is that it allows a higher
accuracy. The probabilities of upward and downward movements of the
asset price as well as other parameters of the binomial method should be
chosen so that the discrete random walk represented by the tree and the
continuous random walk have the same mean and variance [117]. Some
parameters could be derived from different viewpoints [48].
The approximation of the binomial method converges to the BlackScholes value for a European option (see 3.3). The convergence is not
monotonic. The error tends to zero as the number of time points, M,
tends to infinity, it is proved that exists constant K such that for the error
K
eM is true: eM ≤ M
, where K is a constant, [67]. This to some extent

complicates applying the method for barrier options with complex payoff
functions.
A case study with the aim of making the binomial method run as quickly
as possible in Matlab is given by Desmond Higham in [47] and [48].
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Figure 3.1: Constructed binary tree of asset prices.

3.2

Monte Carlo Simulations

Monte Carlo method simulates the random movement of the asset prices
and provides a probabilistic solution to the option pricing model, [12]. The
idea is to generate a large number of sample paths of the process ST of the
stock price over the interval [0, T ]. For each of these sample paths we
compute the value of the function of the path whose expectation we wish
to evaluate, and then to average these values over the sample paths.
When European options are priced we need to estimate the expected
value of the discounted payoff of the option at the maturity date T :


b V (ST , T )
V (S0 , 0) = e−r T E

b
A constant risk-free rate is assumed, and the expectation E(•)
is taken
with respect to a risk-neutral measure, i.e. the drift µ for the asset price
must be replaced by the risk-free rate r. The principle of the method is
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simple: if we denote with K the strike price using formula 2.7, we generate
the option payoffs according to the expression



√
r − 12 σ 2 T +σ ǫ T
max 0, S0 e
−K
• The computation of the sample average is usually straightforward;

• The only difficulty is in quantifying and controlling the error.
A large number of simulation runs are generally required in order to
achieve a desired level of accuracy. To reduce the ’error’ by a factor of
10 requires a hundredfold increase in the sample size. This is a severe
limitation that typically makes it impossible to get very high accuracy
from a Monte Carlo approximation if it is applied in this form.
For that reason numerous variance reduction techniques such as antithetic variates or control variates, conditioning, stratified and importance
sampling are used to be improved the reliability of the Monte Carlo results, see [13], [48] and [107]. Unfortunately, as in example 2.1.7, in case
of discrete double barrier options antithetic sampling is not guaranteed to
work because the payoff is not a monotonic function of the stock price.
In contrast to discretely sampled average price Asian call options, i.e.
Pn
b
with arithmetic average Sb = n1
i=1 S(ti ) in the payoff function max(S −
K, 0), see Higham in [48] or McLeish in [72], for discrete double barrier
options it is difficult to be found a control variate. Thus, the pricing of
such exotic options seems to be a ’tough’ problem.
It remains to be applied a crude Monte Carlo method to be valuated
the expectation 6.4 in section 6.1 with as much as possible asset paths or
using Quasi-Monte Carlo simulations generating Halton’s or Sobol’s low
discrepancy sequences, see [2] and [13]. 1
1

However, in case of a single barrier option, pricing down-and-in call option with a discretely monitored
barrier using an importance sampling technique and a conditional Monte Carlo method is presented by
Glasserman, [11].
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3.3

The Black-Scholes Valuation Formula

As we have mentioned, an option valuation formula is derived for European
call and put options on a non-dividend-paying stock. But in addition to
employing the simple asset price model, Fisher Black and Myron Scholes
imposed several simplifying assumptions about the options market. They
assumed ’ideal conditions’ in the market for the stock and for the option.
Quoted in original mode from the article [10], the conditions are:
1. The short-term interest rate is known and is constant through time.
2. The stock price follows a random walk in continuous time with a variance
rate proportional to the square of the stock price. Thus the distribution
of possible stock prices at the end of any finite interval is lognormal. The
variance rate of the return on the stock is constant.
3. The stock pays no dividends or other distributions.
4. The option is ’European’, that is, it can be exercised at maturity.
5. There are no transaction costs in buying or selling the stock or the
option.
6. It is possible to borrow any fraction of the price of a security to buy it
or to hold it, at the short-term interest rate.
7. There are no penalties to short selling. A seller who does not own
a security will simply accept the price of the security from a buyer, and
will agree to settle with the buyer on some future date by paying him an
amount equal to the price of the security on that date.
Under these assumptions, the value of the option will depend only on
the price of the stock and time and on variables that are taken to be known
constants. The following formula for the value of a European call option
at time t and asset price S has been derived by Fisher Black and Myron
Scholes:
C(S, t) = S N (d1 ) − K e −r(T −t) N (d2 )
37
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where

log(S/K) + (r + 12 σ 2 ) (T − t)
√
d1 =
σ T −t

(3.2)

√
log(S/K) + (r − 21 σ 2 ) (T − t)
√
= d1 − σ T − t
d2 =
σ T −t

(3.3)

and N (∗) is the Normal(0,1) distribution function N (x) :=

√1
2π

R

x
−
−∞ e

s2
2

ds.

The parameter r in the formula is the continuously compounded interest
rate. If the asset price today (time zero) is S0 , then the Black-Scholes call
option value is C(S0 , 0). One way of implementing formula 3.1 in Matlab
is via the built-in error function erf (x).
Another way for calculating the normal distribution function N (x) is a
polynomial approximation shown in [50] that gives six-decimal-place accuracy. Of course, tables for N (x) are available most probability books, [33],
or handbooks of functions such as [1].
In figure 3.2, we plot a Black-Scholes surface C(S, t) as a function of S
and t. Here, T = 1 and K = 1, and we see that the at expiry the option
value reduces to the ’hockey stick’ payoff max(S − K, 0). The time zero
solution C(S, 0) evaluated at the initial asset price S = S0 solves the option
valuation problem introduced earlier in section 2.2.
The value of a European put option on a non-dividend paying stock is:
P (S, t) = K e −r(T −t) N (− d2 ) − S N (− d1 )

(3.4)

where d1 and d2 are defined respectively in the same way as 3.2 and 3.3.
Both formulas 3.1 and 3.4 are known as the Black-Scholes formulas. We
will show some properties of the Black-Scholes formulas for some different
values of the underlying asset S:
0.

Property 1: As S → ∞, then C(S, t) → S −K e −r (T −t) and P (S, t) →
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Figure 3.2: Black-Scholes surface for a European call option.

In fact, as S → ∞, both d1 and d2 becomes very large in 3.2 and 3.3. So
N (d1 ) and N (d2 ) are both close to 1.0 in formula 3.1. Respectively, using
that (N (− x) = 1 − N (x) then N (− d1 ) and N (− d2 ) are both close to zero
and P (S, t) → 0 in formula 3.4.

Property 2: As σ tends zero, then we could say that C(S, t) ≈ max S −



−r (T −t)
−r (T −t)
Ke
, 0 and P (S, t) ≈ max K e
− S, 0 .
Property 3: Put-call parity: C(S, t) + K e −r (T −t) = P (S, t) + S

This relationship shows that the value of a European call could be deduced
from the value of a European put with the same exercise price and exercise
date, and vice versa. The put-call-parity is important property in option
pricing and similar relationships for exotic options with complex payoffs
are proved, see equality 3.30 and theorem 6.3.1.
In the next section, in Property 3 we explain how the Black-Scholes
formula and other option valuation formulas could be derived.
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3.4

The Black-Scholes-Merton Equation

In section 2.4 we have considered as a model for the underlying asset V (S, t)
a geometric Brownian motion diffusion process that is
dS
= r dt + σ dWt
S

(3.5)

where r is the interest rate, and σ is the volatility. Here, Wt is a Brownian
Motion, and by Itô’s lemma, the Black-Scholes partial differential equation
for valuation of an option price V (S, t) arises as follow, [114],
∂V
1 2 2 ∂ 2V
∂V
+ rS
+ σ S
− rV = 0
(3.6)
∂t
∂S 2
∂S 2
where t is the current time and value of the option price V (S, t) at time
t before the expiry T will also be specified as a solution of the equation.
How?
• The Black-Scholes equation has many solutions, corresponding to all
the different derivatives that can be defined with S as the underlying
variable.
• The particular derivative that is obtained when the equation is solved
depends on the boundary conditions that are used, [50].
The boundary conditions specify the values of the derivative at the boundaries of possible values of S and t. In case of a European call option, the
key boundary condition is:
V (S, T ) = max(S(T ) − K, 0), when t = T

(3.7)

In case of a European put option, it is:
V (S, T ) = max(K − S(T ), 0), when t = T
40
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From a mathematical point of view equation 3.6 of a second order partial
differential equation of parabolic type known also as the Black-ScholesMerton differential equation. This equation has many properties and the
most important of them are:
Property 1: Pricing of non-standard options that are characterized
by a payoff with discontinuities reflects in discontinuities in the terminal/boundary conditions and hence, to all analytical and numerical procedures for valuation of the option. Example of such options are binary and
barrier options, see section 2.1.4.
Property 2: The drift parameter µ in the asset model 2.2.1 does not
appear in the equation 3.6. In risk neutral valuation we have assumed that
the expected return from the underlying asset is the risk free interest rate
r, (i.e. assume µ = r). The variables that do appear in the equation are
the current stock price S, time t, stock price volatility σ, and the risk-free
rate of interest r. All are independent of risk preferences.
Property 3: The Black-Scholes equation could be transformed into a
heat or diffusion equation (see the next section) and this technique allows
deducing its solution for some type of options such as European call and
put. Thus has been derived the famous Black-Scholes explicit formula for
the value of a European call option 3.1.
Property 4: The Black-Scholes equation is linear but with non-constant
coefficients. That is, if V1 and V2 are solutions, then so is c1 V1 +c2 V2 for any
constants c1 and c2 . This is also known as the principle of superposition,
[106].
For some nonstandard options we could present their complex payoff
function in a simpler way as a linear combination of payoff functions of
plain vanilla options.
Thus, using the Black-Scholes formulas for call and put option we could
derive formulas for some barrier options such as cash-or-nothing and su41
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pershare binary. We have presented their payoff diagrams in subsection
2.1.4.
Property 5: The Black-Scholes is a partial differential equation of parabolic
type that has a smoothing property, i.e. for positive time the analytic solution is infinitely differentiable even if the initial data is non-smooth, see
formula [106]. Thus, in absence of an explicit option valuation formula
accurate finite difference schemes should exhibit an analogous smoothing
property or also known as a damping property.
The constraint 3.7 is called a final condition, as it applies at the final
time t = T . It is much more convenient using initial conditions, specified
at t = 0. Denoting with τ = T − t the time to expiry the Black-Scholes
equation is easily transformed into:
∂V
∂ 2V
∂V
1
+ rV = 0
− rS
− σ2S 2
∂τ
∂S
2
∂S 2

(3.9)

with initial time condition for a European call
V (S, 0) = max(S(0) − K, 0), when τ = 0

(3.10)

In this way τ representing the time to expiry runs in the interval [0, T ]
when t ∈ [0, T ].
Similarly, the European put condition 3.8 changes to
V (S, 0) = max(K − S(0), 0), when τ = 0

(3.11)

To determine V (S, t) uniquely as a solution from equation 3.6, we need
to impose additional conditions that involve information about the particular option, i.e. what happens if the asset price is zero or extremely large.
For example, for European call and put options property 1 in subsection
3.3 defines the option price as S → ∞.
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3.5

The Black-Scholes Equation and Heat Equation

As we have remarked the Black-Scholes equation could be transformed into
a heat or diffusion equation. This allows us not only to find more easily
particular solutions such as the Black-Scholes formula but also to examine
the effectiveness of numerical methods such as the finite difference schemes
applied to the equation.
Moreover, the theory, properties and frequently met problems when
applying finite difference schemes to convection-diffusion equations are
well studied in most numerical books, [94], [100]. Another advantage of
convection-diffusion equations are the constant coefficients which stimulates practitioners to invent high-order accurate methods, [111].
First, we note that equation 3.6 
is invariant
under the scaling S → aS.

S
Then defining a new variable u = ln K
, i.e. the transformation S = K e u ,
allows us to get rid of the coefficient S and S 2 , that are respectively in front
∂2V
of ∂V
and
∂S
∂S 2 . This is achieved in the following way.
We set V (S, t) = K Ve (u, t) and changing variables to u we obtain ∂u =
∂S

1
S.

Thus the respective derivatives are:

∂ Ve
∂ Ve ∂u
1 ∂ Ve
=
=
∂S
∂u ∂S
S ∂u


1 ∂ 2 Ve
∂ Ve
∂ 2 Ve
= 2
−
∂S 2
S
∂u2
∂u

(3.12)

(3.13)

We change direction of the time.
variable
 t. Similarly as in equation 3.9,
1 2
for convenience, we set t = T − τ
2 σ . After transformation the time
derivative is:
∂ Ve ∂τ
1 2 ∂ Ve
∂ Ve
=
=− σ
(3.14)
∂t
∂τ ∂t
2
∂τ
Substituting the last free derivatives in 3.6, taking into account the factors S1 and S12 that appears after differentiation, the Black-Scholes equation
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is transformed into the following equation with constant coefficients:
∂ 2 Ve
∂ Ve
∂ Ve
=
+
(ρ
−
1)
− ρ Ve
(3.15)
2
∂τ
∂u
∂u
.

1 2
where for simplicity we have denoted ρ = r
2 σ . The last equation is
very similar to a diffusion equation except the term ρ Ve , and we need to
apply one more change of the variable:
Ve = e κ x+λ τ υ(u, τ )

where the constants κ and λ should be chosen. After substitution and
differentiation, equation 3.14 leads to:


2
∂υ
∂υ
∂
υ
∂υ
λυ+
= κ2 υ + 2 κ
+
+ (ρ − 1) κ υ +
−ρυ
∂τ
∂u ∂u2
∂u
or
 ∂υ 

∂ 2υ 
∂υ
2
= 2 + 2 κ + (ρ − 1)
+ κ + (ρ − 1) κ − κ − λ υ
(3.16)
∂τ
∂u
∂u

Liberating of the term ρ υ and ∂υ
∂u could be done by choosing κ and λ such
the coefficients in front of them are zero.
2 κ + (ρ − 1) = 0
and
κ2 + (ρ − 1) κ − κ − λ = 0
The solution of this system is:
1
1
κ = − (ρ − 1) , λ = − (ρ + 1)2
2
4
To recapitulate:
1
1
2
Ve = e − 2 ( ρ−1) x− 4 ( ρ+1) τ υ(u, τ )

And the Black-Scholes equation is equivalent to the heat equation:
∂υ
∂ 2υ
= 2
∂τ
∂u
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where −∞ < u < ∞ , τ ≥ 0.

We have set the following transformations:
S =K eu , t=T −
V (S, t) = V (K e u , T −

1
2

τ
2r
,
ρ
=
σ2
σ2

2τ
) =: K Ve (u, τ )
2
σ

1
1
2
Ve (u, τ ) = e − 2 ( ρ−1) x− 4 ( ρ+1) τ υ(u, τ )

(3.18)

(3.19)

What happens with the boundary conditions 3.7 and 3.8 for plain vanilla
options. For example, in case of a call option, applying 3.18, the final
condition 3.7 becomes initial condition for υ(u, 0)
V (S, T ) = max(S(T ) − K, 0) = K max(eu − 1, 0)
Finally, from 3.19 we obtain υ(u, 0), i.e.


− 21 ( ρ+1) x
− 12 ( ρ−1) x
υ(u, 0) = max e
−e
,0

(3.20)

.

3.6

Analytical Formulas for the Value of Some Options

We have emphasized that according to the boundary conditions of the
Black-Scholes PDE, a particular derivative is obtained. If exists a solution
of this PDE, an explicit formula for the value of the derivative is derived.
Using the linearity of the Black-Scholes equation, we will present valuation
formulas for the cash-or-nothing and supershare binary options. The payoff
functions of these options have been described in subsection 2.1.4.
We will let C cash (S, t) and P cash (S, t) denote the values of the cash-ornothing call and put options, respectively, for asset price S and time t. We
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may ask for C cash (S, t) and P cash (S, t) to satisfy the Black-Scholes PDE
3.6. Specifying appropriate final time and boundary conditions is then
sufficient to characterize the valuation formulas.
When S = 0, the asset remains at zero for all later times and hence the
payoff is zero. This gives the boundary condition
C cash (S, t) = 0, for all 0 ≤ t ≤ T

(3.21)

When S is very large, the option is almost certain to pay off the amount
A. So, after discounting for interest, we find that
C cash (S, t) ≈ A e −r (T −t) , for large S

(3.22)

Just as for the European case, imposing the final and boundary conditions is enough to specify a unique solution of the Black-Scholes equation
3.6. The solution turns out to have the simple form
C cash (S, t) = A e −r (T −t) N (d2 )

(3.23)

where d2 is the quantity 3.28 that appears in the European formulas. Respectively, the option value formula for asset-or-nothing put option is:


cash
−r (T −t)
P
(S, t) = A e
1 − N (d2 )
(3.24)
Figure 3.3 gives a plot of the Black-Scholes surface C cash (S, t) for a cashor-nothing call option as a function of S and t. The other parameters are:
strike price K = 1, fixed amount A = 2, interest rate r = 0.05, volatility
σ = 0.2, and expiry at T = 1.
By considering a portfolio consisting of a cash-or-nothing put and a
cash-or-nothing call options with the same strike prices and expiry dates is
derived the cash-or-nothing put-call parity relation analogously the put-call
parity 3.3 for European options in subsection 3.3, that is
C cash (S, t) + P cash (S, t) = A e −r (T −t)
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Figure 3.3: Black-Scholes surface for a cash-or-nothing call.

Formulas 3.23 and 3.24 are proposed by Cox and Rubinstein (1985), [22].
In section 6.3 we will demonstrate that an identity similar to the famous
put-call parity could be derived for discrete double barrier options using
some explicit formulas. Of course, this similar relationships for different
kind of double barrier options could be proved using standard arbitrage
arguments, see Faulhaber’s thesis, [32].
A useful guide for numerous option pricing formulas implemented in
computer programing code in C++ is presented by Espen Haug in [43].
We will present also an analytical formula for supershare binary call
option with payoff function described in subsection 2.1.4.

1 −r (T −t) 
p
c
V (S, t) = e
N (d2 ) − N (d2 )
(3.26)
d

where

d2c

log(S/K) + (r − 12 σ 2 )(T − t)
√
=
σ T −t
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log(S/(K + d)) + (r − 21 σ 2 )(T − t)
√
=
σ T −t
For more information on supershares, see articles [42] and [96].
d2p

(3.28)

For continuously monitored single barrier options there exist numerous
explicit and closed-form formulas. One way for deriving such formulas is
to use hedging strategies, see D. Higham in [48]. Peter Carr also gives
replication strategies for barrier options, [16].
Let C B (S, t) denote the value of a down-and-out call option at asset
price S and time t with barrier at B and strike price K, and C(S, t) the
European call value 3.1.
It could be proved for B ≤ K the solution of the respective BlackScholes equation with boundary conditions for down-and-out call option
on the domain 0 ≤ t ≤ T , B ≤ S is given by
2

C B (S, t) = C(S, t) − (S/B)1−2r/σ C(B 2 /S, t)

(3.29)

Given a formula for down-and-out call, the corresponding down-and-in
call can be found from the relation
in + out = European

(3.30)

As we have mentioned in the introduction of the book, Peter Carr gives
closed form formulas and replication strategies for barrier options, [16].
Analytical formulas using the method of images in case of one barrier applied continuously is presented by Kwok, [64].
However, unfortunately, in case of barrier options, most of the frequently
presented formulas assumed continuous monitoring of the barrier, i.e. a
knock-in or knock-out is presumed to happen if the barrier is touched at any
instant during the life of the option. Sometimes, the option price differs
substantially between discrete and continuous monitoring, [64]. Broadie
found an explicit correction formula for discretely monitored option with
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one barrier, [14]. Let suppose that the barrier is monitored only at times
i∆t, i = 0, 1, . . . , m where ∆t denotes the uniform time interval between
monitoring dates prior to expiration T , i.e. ∆t = T /m. Let S0 be the
initial value of the underlying asset.
Theorem 3.6.1. Let Vm (H) be the price of a discretely monitored knock-in
or knock-out down call or up put with barrier H. Let V (H) be the price of
the corresponding continuously monitored barrier option. Then
 1 
Vm (H) = V (H e
) + o √
,
(3.31)
m
where the sign ’+’ applies if H > S0 , ’-’ applies if H < S0 and β =
√
−ζ( 12 )/ 2π ≈ 0.5826, ζ is the Riemann zeta function, σ is the volatility,
S0 is fixed.
The formula involves only a simple continuity correction to the continuous barrier option formulas and is known in literature as a correction
±βσ

√

∆t

formula for discretely monitored barrier options. It is easily observed that
the correction shift the barrier away from the current underlying asset price
√
by a factor of e ± β σ ∆t .
However, this formula 3.31 could not be applied in presence of two
barriers, i.e. in case of valuation of discrete double barrier options. Thus,
in absence of explicit formulas numerical methods such as the binomial
trees, Monte Carlo simulations and finite difference schemes are frequently
used in option pricing.
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Chapter 4
General Finite Difference Schemes
and Review of Remedies for
Convergence
The relation of the Fourier’s method and finite differences approach when
solving some partial differential equations permits observing the behaviour
of the numerical solution and controlling to some extent its accuracy. Thus,
in the previous chapter we have demonstrated that in case of non-smooth
initial conditions of the famous Black-Scholes equation 5.3 the CrankNicolson solution suffers from unwanted spurious oscillations. There is
not convergence in supremum norm that is most relevant in Finance.
Some authors have proposed some convergent remedies of this problem
such as the Rannacher timestepping [93] that is a special compound scheme
using a finite number of steps of the fully implicit Backward Euler method
followed by the Crank-Nicolson method. This smoothing procedure damps
undesired oscillations effectively.
The method is examined by Carter and Giles [38] and it is a second
order time-stepping method that guarantees convergence in L 2 -norm.
Different kind of techniques for smoothing the initial conditions of the
financial equation are averaging the initial conditions, shifting the mesh,
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described by Tavella [102], and projecting the initial conditions used by
Pooley as a convergence remedy for options with discontinuities in the
payoff function [92].
Another alternative approach is the method of lines [99]. It is applied
to quite general class of partial differential equations that involves a time
variable and one or more space variables. The partial derivatives with
respect to the space variables are discretized and the problem is reduced
to approximating a system of ordinary differential equations. Such one is
the homogeneous system [111] for equation with zero boundary conditions.
Thus, frequently is implemented the theory of Padé approximants of the
exponential function e −z to standard finite difference schemes. This theory
has been developed later and some new concepts such as A-stability has
been introduced by Dahlquist [23]. Due to non-smooth payoffs of exotic options that cause discontinuities in the numerical solution or its derivatives,
standard A-stable are prone to produce large and spurious oscillations and
lead to misleading when trying to estimate options accurately.
This usually happens when some of the eigenvalues of the iteration matrix in the finite difference equation are close to −1. As a remedy are imposed additional constraints of the Padé approximants such as L0 -stability
of the finite difference scheme. Voss and Khaliq invented high order methods for the Black-Scholes model with barrier options, [111].
Recently, as a refinement of the concept of L0 -stability for damping
schemes, positive preserving schemes have been introduced by Wade [113].
The idea of partial fraction decomposition of the Padé approximants [111]
has been developed and permits the problem to be implemented in parallel
computing environment with explicit algorithms [113].
Pricing barrier options has been developed by some authors by exploring
a combination of schemes that consist of family of subdiagonal or diagonal
Padé schemes [114].
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Using the same approach, i.e. the method of lines, improving the accuracy of the numerical solution could be done by utilizing extrapolation
methods, see J. D. Lawson and J. L1 Morris [66].
In some cases a three time-level finite difference equation is used to be
achieved some advantages such as a smaller local truncation error, greater
stability or transformation of a non-linear problem to a linear one, see
Smith in [99]. When the initial data are discontinuous or vary very rapidly
with the space variable this method is preferred to the Crank-Nicolson one
[94]. Unfortunately, often the numerical analysis is not able to determine
whether the discrete maximum principle 5.1 is satisfied, Tagliani [101].
However, exists numerous miscellaneous methods such as adjusting the
nodes of the finite difference scheme [102] or the box scheme also known
as the Keller scheme [27]. In the latter the second order Black-Scholes
equation is transformed to a system of first order equations.
In case of options with constraints such as discrete monitored barriers
some authors like Zvan propose non-uniform grids. The discretization
strategy is commonly used in computational fluid dynamics and is called
a point-distributed finite volume scheme [122]. Options with time-varying
barriers are treated with an implicit method that leads to convergence in
fewer time steps compared to explicit schemes.
The most distinctive feature of the finite difference scheme is including of
automatic time stepping by constructing grids that have a fine spacing near
the barriers and a coarse spacing away from the barriers. Similar approach
is shifting the mesh and it is applied by Tavella [102]. But second-order
accuracy is lost when using non-uniform meshes [27]
In contrast to the previous methods where there is some preliminary
manipulation of the problem either by smoothing the initial conditions or
transforming the original Black-Scholes partial differential equation, Duffy
introduces a new class of robust difference schemes, i.e. exponentially fitted
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finite difference schemes [27].
In this chapter, we will present a short review of the most popular
numerical techniques for overcoming convergence problems of the CrankNicolson scheme.

4.1

Methods of Lines. L0-stable Methods

Let return again to the heat equation ut = uxx in the domain [0, 1] × [0, T ]
that is discretized by a uniform mesh with steps ∆S and ∆t, Sj = j∆S,
j = 0, . . . , M and tn = n∆t, n = 0, . . . , N so that 1 = M ∆S and T = N ∆t.
In the previous chapter we have seen that the numerical solution of this
equation applying the Crank-Nicolson method is:
V (tn + ∆t) = (I −

1
1
∆t A)−1 (I + ∆t A) V (tn )
2
2

(4.1)

Moreover, this is exactly the (1,1) Padé approximant solution of the
exponential of power ∆tA in the following expression
V (tn + ∆t) = e ∆tA V (tn )

(4.2)

that is the finite difference solution of the heat equation written in the
discrete form
dV
= AV
(4.3)
dt
using the method of lines. In fact, 4.3 is the following homogeneous system
of ordinary differential equations

1 
dVi
(4.4)
Vj−1 − 2Vj + Vj+1 , j = 1, 2, . . . , M − 1
=
dt
(∆S)2

where V (t) is the vector [V1 , V2 , . . . , VM −1 ]T . Here Vj approximates the
exact solution at the mesh point Sj along the time level t, [99].
We could summarize that in general, the main idea of the method of lines
consists of replacing the partial derivatives with respect to the space and
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thus reducing the problem of solving a partial differential equation (PDE)
to approximating inhomogeneous system of ordinary differential equations
whose solution, in case of linear PDE, satisfies of a two-term recurrence
relation such as 4.2 involving a matrix exponential function. The matrix is
determined from the form of spacial discretization that could be done by
finite difference, finite element or spectral approach. 1
Now, let consider the concept of stability of a finite difference scheme
that is A0 -stable. In general, a rational approximation to ez of the form
R(z) =

P (z)
Q(z)

(4.5)

where P (z) and Q(z) are polynomial with real coefficients. This approximation 4.5 is of order p to the exponential function if
R(z) = ez + Cp+1 z p+1 + O(z p+2 )

(4.6)

where Cp+1 denotes the error constants.
Definition 4.1.1. A rational approximation of ez is said to be A-acceptable
if |R(z)| < 1 whenever Re(z) < 0 and L-acceptable if, in addition,
|R(z)| → 0 as Re(z) → −∞.
For example, the exponential term e ∆tA in 4.2 could be approximated by
(S, T ) Padé approximant that is a rational function RS,T (z) = PT (z)/QS (z),
[99]. In the Crank-Nicolson scheme 4.1 (see for details [99], [106]) we have
R1,1 (∆tA) = R1,1 (λl ∆t) =


4
2 lπ∆S
λl = −
sin
<0,
(∆S)2
2

1 + λl ∆t/2
,
1 − λl ∆t/2
l = 1, 2, . . . , M − 1

(4.7)
(4.8)

Thus, taking the rational polynom R(z) = (1+ 12 z)(1− 21 z)−1 and setting
z = λl ∆t < 0 we have |R1,1 (λl ∆t)| < 1. The scheme is said to be A0 -stable
1

In case of PDE with zero boundary conditions the system is homogeneous, otherwise inhomogeneous.
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where the suffix ’0’ refers to the fact that all eigenvalues of the matrix A
are real, negative and non-zero, so that λl considered as a complex number,
is such that π + 0 = argλl = π − 0.
A0 -stability implies −1 < RS,T (λl ∆t) < 1. However, we have seen that
as ∆S → 0 then λl → ∞ and R1,1 (∆tA) → −1. The corresponding values

n
of R1,1 (λl ∆t) in
V (tn ) =

M
−1
X
l=1

or
Vjn

=

M
−1
X
l=1

dl




n
dl R1,1 (λl ∆t) vl

1 + λl ∆t/2
1 − λl ∆t/2

n

sin(lπSj )

(4.9)

(4.10)

where j = 1, 2, . . . , M − 1, l = 1, 2, . . . , M − 1, and
dl = 2 ∆S

M
−1
X

f (Sj ) sin(lπSj )

(4.11)

i=1

will then alternate in sign as n → ∞ and diminish in magnitude only very
slowly [99].
n
P −1 
R
(λ
∆t)
d
vl in 4.9
Thus, the numerical solution V (tn ) = M
1,1
l
l
l=1
oscillates. For this reason we introduced the formal definition.
Definition 4.1.2. A set of finite difference equations that is of the form
V (tn + ∆t) = RS,T (∆tA)V (tn ) for n = 1, . . . , N , is said to be L0 -stable if
|RS,T (λl ∆t)| < 1, l = 1, . . . , M − 1 and |RS,T (λl ∆t)| → 0 as λl ∆t → −∞,
where λl are real, negative and non-zero eigenvalues of the matrix A.
The corresponding finite difference method with iteration matrix A is
called L0 -stable. For example, the implicit method or the backward-time
central-space difference scheme applied to the heat equation with R1,0 =
(1 − λl ∆t)−1 is a L0 -stable method.
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4.2

A Fourth Order L0-stable Option Pricing Method

In this section using the method of lines we will present a fourth order
L0 -stable method for the discrete barrier options. It is proposed by Voss,
Khaliq, Kazmi and He, [111].
For simplicity, the authors often use the transformed dimensionless form
3.15 of the Black-Scholes equation with constant coefficients that is:
. 1 
∂ Ve
∂ 2 Ve
∂ Ve
e, ρ=r
=
+
(ρ
−
1)
−
ρ
V
σ2
(4.12)
2
∂τ
∂u
∂u
2
Using the method of lines the resulting inhomogeneous system is:
dV
= AV + b(t) , V0 = f
(4.13)
dt
o
n
1
∆S
∆S
A=
(1 − ρ) ; −2 − ρ ; 1 −
(1 − ρ)
tridiag 1 +
2
2
∆S 2
where f and b(t) are the corresponding initial and boundary conditions of
4.12. The exact solution of 4.13 satisfies the two-term recurrence relation
Z 1
e τ (1−s)A b(t + sτ ) ds
(4.14)
V (t + τ ) = e τ A V (t) + τ
0

forming the basis of various time-stepping methods through approximating
the exponential function by rational functions. The tridiagonal matrix A
is with constant coefficients and its eigenvalues are found by formula A.1
of the appendix A. If ρ is large, i.e. when the interest rate is very high in

respect to the volatility, equation 4.12 is convection-dominated.
The authors have decided to construct the L-acceptable rational approximation for the exponential function in 4.14
39 2
13 3
1 − 54
35 z + 140 z + 42 z
R(z) =
(4.15)
9
z)(1 − 21 z)
(1 − z)(1 − 25 z)(1 − 14

1
≈ 0.0357. Then R(z) possesses distinct real
with error constant |C5 | = 28
poles and admits a partial fraction expansion of the form:
4
X
wn
, wn = lim1 (1 − bn z)R(z)
R(z) =
1
−
b
z
z→ bn
n
n=1
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The recurrence relation 4.14 is then approximated by:
V (t + τ ) = R(τ A)V (t) + τ

3
X
i=1

Qi (τ (1 − s)A) b(t + sτ )

(4.16)

1 + a1 z + a2 z + a2 z 2 + a3 z 2
Qi (z) =
(1 − bn )4

Qi (z) =

4
X
n=1

(i)

δn
,
1 − bn z

δn(i) = lim1 (1 − bn z)Qi (z) , i = 1, 2, 3
z→ bn

Details about achieving the fourth order accuracy are described in the
article, [111]. The resulting L-stable, parallel time-stepping algorithm,
based on the recurrence relation 4.16 is:
Solve

(I − bn τ A) vn = wn y(t) + τ
y(t + τ ) =

4
X

3
X

δn(i) b(t + sτ )

i=1

vn

(4.17)

n=1

The typically large and sparse linear system in 4.17 could be solved
concurrently on four processors.

4.3

Exponentially Fitted Difference Schemes

Exponentially fitted schemes are stable, have good convergence properties
and do not produce spurious oscillations. These schemes are finite difference schemes that are characterized by a fitting factor. We will state
briefly the main idea and results of Duffy, [27]. The computational domain
is D = (A, B) × [0, T ], A < B.
Let write the Black-Scholes equation 5.3 in more general form:
∂V
∂ 2V
∂V
+ b(S, t) V = f (S, t)
+ µ(S, t)
+ σ(S, t)
−
∂t
∂S
∂S 2
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with initial condition: V (S, 0) = φ(S) , S ∈ (A, B), and
boundary conditions: V (A, t) = g0 (t) , V (B, t) = g1 (t) , t ∈ (0, T ).
When we set the coefficients in front of the derivatives by:
σ(S, t) =

1 2 2
σ S , µ(S, t) = rS , b(S, t) = −r , and f (S, t) = 0 (4.19)
2

we obtain again the original Black-Scholes equation 5.3. The difference is
that in 4.18 the coefficients in front of derivatives depend also of time.
Now, let consider the operator L defined by:
LV ≡ −

∂V
∂V
∂ 2V
+ b(S, t) V
+ µ(S, t)
+ σ(S, t)
∂t
∂S
∂S 2

We replace the derivatives in L V and we define the fitted operator Lhk by
Lhk

Ujn

n+1
U n+1 − Uj−1
δ 2 U n+1
Ujn+1 − Ujn
n+1 j+1
n+1 x j
+ µj
+ ρj
+ bn+1
Ujn+1
≡−
j
2
k
2h
h

where h and k are fixed space and time step.
The fitting factor ρ defined by Duffy is:
ρn+1
j

h
µn+1
h
µn+1
j
j
≡
coth
2
2 σjn+1

(4.20)

This factor is identically equal to 1 in the central difference scheme.
A fully-discrete scheme that approximates equation 4.18 is formulated by
j
Lhk Ujn = fn+1
,

for j = 1, . . . , M − 1; n = 0, . . . , N − 1

n
U0n = g0 (t) , and UM
= g1 (tn ) , for n = 0, . . . , N
j
U0 = φ(Sj ) , for j = 0, . . . , M − 1.

(4.21)

This is a two-level implicit scheme that is stable and consistent with
the initial boundary value problem 4.18. The stability of this scheme is
proved using the discrete maximum principle 5.1. But we will not present
the proof of Duffy, [27]. Our approach will be the same as we have done
for the Crank-Nicolson solution in lemma 5.4.1.
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Proof: The finite difference equation of the Duffy’s scheme 4.21 is:
A U n+1 = U n

(4.22)

where A is the following iteration matrix:
(
!
!
! )
n
n
ρnj
µnj
2ρnj
ρ
µ
1
j
j
A = tridiag
− 2+
k;
− bnj +
k; − 2 +
k
2
h
2h
h
k
h
2h
The iteration matrix A is an irreducible diagonally dominant tridiagonal
M-matrix. From theorem A.4.1 of the appendix A follows that A−1 > 0.
Moreover, from lemma A.4.1 of the appendix A and 4.19 we have:
||A−1 ||∞ ≤

1
1
=
<1
1 − kb 1 + kr

(4.23)

The positivity of the numerical solution follows from the induction
U n = A−1 U n−1 = (A−1 ) (A−1 U n−2 ) = . . . = (A−1 ) n U 0 and equation:
U n+1 = A−1 U n > 0
Using 4.23 for the norm ||A−1 ||∞ we verify that the Duffy’s scheme 4.21
satisfies the discrete maximum principle 5.1 because:
||U n+1 ||∞ = ||A−1 U n ||∞ = ||A−1 ||∞ ||U n ||∞ ≤ 1.||U n ||∞ ≤ ||U n ||∞
Another very important result for the Duffy’s scheme 4.21 is:
Lemma 4.3.1. Let Ujn be solution of the scheme 4.21 and suppose that
max |Ujn | ≤ m

on the boundary Γ for all j and n

max |Ujn | ≤ N

in the domain D for all j and n

Then
max |Ujn | ≤ −
j

N
+m
β
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Moreover, if V (S, t) and Ujn are the analytical and discrete solution of
equation 4.18 it is true the following result:
|V (Sj , tn ) − Ujn | ≤ M (h + k)

(4.25)

where M is a constant that is independent of h, k and σ. This result shows
that convergence is assured regardless of the size of σ(S, t) 2 .
Thus, advantages of the Duffy’s scheme 4.21 with fitting factor 4.20 are:
• It is uniformly stable for all values of h, k and σ.
• It is oscillation-free.
• It is easy programmed as a standard finite-difference scheme.
Another advantage the Duffy’s scheme 4.21 is that it is a powerful
scheme for the Black-Scholes equation 4.18. Moreover, Duffy examines
this problem in the following two ’extreme’ cases: 3
• Pure convection /drift when σ(S, t) → 0
• Pure diffusion /volatility when µ(S, t) → 0
When σ → 0 we use the following formula:
(
µh
µh
µh
2
lim ρ = lim
coth
=
µ
σ→0
σ→0 2
2σ
− 2h

if µ > 0
if µ < 0

Inserting these results into the Duffy’s scheme 4.21, gives the following
first-order implicit upwind schemes that are stable and convergent.
Ujn+1 − Ujn
U n+1 − Ujn+1
n+1 j+1
−
Ujn+1 = fjn+1 , for µ > 0
+ µj
+ bn+1
j
k
2h
2

In fact, the unsolved case σ 2 < r in 5.13 for the Crank-Nicolson scheme 5.12 is frequently met when
the volatility parameter σ takes small values or equivalently small values of σ(S, t) in Duffy’s scheme.
3
The notion of the terms convection and diffusion intend the coefficient in front of the first and second
derivative in equation 4.18. See also the convection-diffusion equation [106].
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n+1
Ujn+1 − Ujn
U n+1 − Uj−1
n+1 j
−
+ µj
+ bn+1
Ujn+1 = fjn+1 , for µ < 0
j
k
2h
The case µ → 0 uses the formula lim x cothx = 1 and we have:
x→0

δ 2 U n+1
Ujn+1 − Ujn
n+1 x j
+ σj
+ bn+1
Ujn+1 = fjn+1
−
j
2
k
h
that is a standard approximation to pure diffusion problems.
To confirm that the Duffy’s scheme 4.21 works successfully let apply it
to the problem of barrier options with a discrete monitoring clause and
compare the computational results with the Crank-Nicolson scheme 5.12.
Three important conclusions should be noticed:
• The iterative matrix A in 4.22 is a M-matrix, and the numerical solution of the Duffy’s scheme does not suffer from spurious oscillations,
taking into account the research of Ikonen, [51].
• The problem of small volatility values often leads to the unsolved case
σ 2 < r of the Crank-Nicolson scheme in 5.13 and the solution suffers
from spurious oscillations, Fig. 5.3.
• Under the hypothesis σ 2 > r according to lemma 5.4.1 the CrankNicolson scheme requires prohibitively small time step.
For example, for σ = 0.3, r = 0.05, σ 2 > r, the time step should satisfy
the condition ∆t ≤ 2.7.10−6 while for the Duffy’s scheme the same result
is obtained with ∆t = 0.01 and the scheme is not time-consuming.

4.4

Extrapolation Methods for Improving Accuracy

Improving accuracy of finite difference schemes could be fulfilled using
extrapolation methods. For example, extrapolation of first order methods
for parabolic partial differential equations, Lawson and Morris, [66].
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We will explain shortly the idea following the exposition in [20]. Let
consider again the system 4.3 that is discrete form of the heat equation
obtained using the method of lines. The system is
dV
=A,
dt

where A =

1
tridiag{ 1 ; −2 ; 1 }
(∆S)2

(4.26)

and has the solution:
V (tn + ∆t) = e ∆tA V (tn ) ,

(4.27)

Let consider the general weighted-lifted scheme (also well-known as θmethod in literature [99], 0 ≤ θ ≤ 1) to approximate V (tn + ∆t) θ
[I − ∆t (1 − θ)A] V (tn + ∆t) = [I + ∆t θA] V (tn )

(4.28)

If we apply 4.28 over a time interval 2∆t or twice, each over a time
interval ∆t, i.e. two consecutive steps, we can write two approximations
[I − 2 ∆t (1 − θ) A] V (1) (tn + 2 ∆t) = [I + 2 ∆t θ A] V (tn )

(4.29)

[I − ∆t (1 − θ) A] 2 V (2) (tn + 2 ∆t) = [I + ∆t θ A] 2 V (tn )

(4.30)

both of which are first order accurate for θ 6= 12 .
The main idea of extrapolation consists of using a linear combination of
two numerical solutions such as the following ones of V (1) and V (2)
V (tn + 2 ∆t) = α V (2) + (1 − α) V (1)

(4.31)

and choosing the parameters α and θ to achieve second order accuracy.
Substituting the binomial expansion (1 − x)n of the inverse matrices
[I − { 2 ∆t (1 − θ) A }] −1

4

and [I − { ∆t (1 − θ) A }] −2

of expressions 4.29 and 4.30 in relation 4.31 we obtain
V (tn + 2 ∆t) = [I + 2 ∆tA + { α (3 − 2θ) + 4(1 − α)(1 − θ)} (∆t)2 A2 +
4

Analogously, third order L0 -stable methods by extrapolation could be done by using a linear combination of three numerical solutions, [20]: V (tn + 3 ∆t) = α V (1) + β V (2) + (1 − α − β) V (3)
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+ { 2α (1 − θ)(2 − θ) + 8(1 − α)(1 − θ)2 } (∆t)3 A3 + . . .] V (tn )

A comparison with V (tn + 2∆t) = e 2∆tA V (tn ) using the Maclaurin
expansion of e 2∆t A indicates that second order accuracy is achieved if
α (3 − 2θ) + 4(1 − α)(1 − θ) = 2
1. For all α if θ =
• θ=

1
2

1
2

⇔

(α − 2)(2θ − 1) = 0

(4.32)

or for all θ if α = 2 , where

produces a linear combination of Crank-Nicolson scheme.

• θ = 0, α = 2 reproduces the Lawson-Morrison scheme, [66].
2. Third order accuracy for α =

4
3

and θ = 21 .

For stability of this second order method, let consider the symbol of the
algorithm, [99]:
h 1 − θz i 2
h 1 − 2θz i
S(z) = α
+ (1 − α)
(4.33)
1 + (1 + θ)z
1 + (1 + 2θ)z
where z = −∆tλ, λ an eigenvalue of the matrix A. For negative definite
A, z > 0 and hence for L0 -stability we require that
max |S(z)| ≤ 1 and
z≥0

lim S(z) = 0

z→∞

Taking into account the upper results for α, θ and lim S(z) =
z→∞



For θ =




(4.34)
θ(θ + α − 1)
:
(1 − θ) 2

, lim S(z) = 2α − 1 = 0
if α = 21 ,
z→∞
θ(θ + 1)
lim S(z) =
,
if θ = 0 , or θ = 1
For
α
=
2
,
lim
S(z)
=
2
z→∞

z→∞
(1
−
θ)



For θ = 21 , α = 34 , third order accuracy conditional stability.
1
2

In general, the extrapolation formula for the (S, T ) Padé approximant

is the same as 4.31, but α = 2 S+T /(2 S+T − 1), [99]. The amplification
symbol is SS,T (−z) = α[RS,T (−z)] 2 + (1 − α) RS,T (−2z). Thus, the CrankNicolson solution 4.1 is not L0 -stable and the method is less efficient than
any member of the L0 -stable family of methods, because it requires timestep restriction for damping errors, [66].
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4.5

Smoothing the Initial Conditions

Classical convergence results typically rely on smoothness assumptions for
the underlying data, see Pooley in [92]. Unfortunately, discretely monitored double barrier knock-out options introduce discontinuities at the
observation dates. And payoffs of cash-or-nothing options in example 2.1.5
are themselves discontinuous.
As a result non-smoothness in the payoff function, or discontinuous
derivatives often cause oscillations of numerical schemes such as these of
fig. 5.3. These lead to inaccurate pricing of financial contracts and large
estimation errors of the hedging parameters, [17].
There exist numerous convergence remedies for non-smooth payoffs in
option pricing. For example, in [92] are proposed averaging the initial conditions, shifting the mesh and projecting the initial conditions as methods
dealing discontinuities. The application of these techniques is motivated
by the following numerical analysis explained briefly:
For uniform grid points with one space dimension, the standard finite
difference, finite element (with mass lumping), and finite volume methods
give identical discretizations. On the other side, finite element methods
are based on the weak or integrated form of the respective partial differential equation. Thus, in some cases finite element convergence analysis is
preferable than finite difference one because requires less continuity.
But high accuracy and fast convergence of the numerical solution is
achieved when the procedure of smoothing of initial conditions is combined
with a special timestepping such as Rannacher’s, [93], because by itself this
method is not sufficient for high convergence.
For example, we have mentioned the Rannacher’s approach in which
the Crank-Nicolson timestepping is preceded by a finite number of implicit
steps. There are two main advantages of this approach:
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• The high frequency error components will be damped by the implicit
scheme and thus possible oscillations are reduced;
• The expected rate of convergence remains quadratic since only a finite
number of implicit steps are used.
The first method handles discontinuities by averaging the initial data
and was used to increase convergence rate when pricing vanilla call options
with binomial trees, [44].
If f (S) is the payoff function then nodal values are replaced with an
average value over nearby space by the following formula
Z Sj+1/2
1
fj =
f (Sj − y) dy
(4.35)
Sj+1/2 − Sj−1/2 Sj−1/2
where Sj+1/2 denotes the point halfway between Sj and Sj+1 , j = 0, . . . , M .
The second approach of Tavella and Randall lies on the idea that if the
strike price occurs midway between mesh nodes generally increases the accuracy of the finite difference method, [102]. It could be explained easily using
example 2.1.5 for cash-or-nothing call option. Let the strike price be K1 ,
and Sj−1 < K1 < Sj , where the grid points are 0 = S0 , S1 , . . . , Sj−1 , Sj , . . . , SM =
1, j = 0, 1, . . . , M . Then the initial values at these points will be
0 , 0 , . . . , 0, A, A, . . . , A
| {z } |
{z
}
j−1

(4.36)

M −j

However, the exact same initial values would occur on this grid for
any strike price K2 in the range (Sj−1 , Sj ). So the grid could not resolve
differences between options with different strike prices like K2 .
The idea of shifting the mesh consists of choosing such grid points so
the strike price falls halfway between the range of resolvable prices, i.e.
K = (Sj + Sj−1 )/2 and the maximum possible error is therefore reduced
from the previous grid. However, refining the grid by adding nodes halfway
between existing nodes is not a trivial task.
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• One more advanced than the previous two techniques for treating
discontinuities is projecting the initial conditions onto a set of basis
functions, see Pooley in [92].
The computational Ω domain is discretized using a standard finite volume approach. Let Ni be the standard (linear) Lagrange basis functions
defined by the Sj grid points such that Nj = 1 at the node j and zero at
P
all other nodes, and k Nk = 1 everywhere in the solution domain. The
P
continuous form of a discrete function is written as c = k ck Nk .
R
x. The best in L2 -norm approximation of the
Let < x, y >= Ω xy db
exact initial conditions f in the space spanned by the Nk basis functions
R
x.
is found by selecting ck values to minimize Ω (c − f )2 db

This leads to the linear system M c = F , where M = (aij ) = hNi Nj i is a
square matrix of order n, and F is the transpose vector of [hN1 f i], . . . , [hNn f i].

Let denote with Ujn the numerical solution. For the simple linear Lagrange basis functions, the entries of M can be computed analytically by
M=

1
tridiag{Sj − Sj−1 ; 2(Sj − Sj−1 ) , Sj − Sj−1 } , j = 2, . . . , n
6

Matrix M is symmetric and diagonally dominant. It is also positive and
therefore non-singular. Entries of F depends on the payoff function f and
can be computed analytically. For piecewise linear f a second order integration scheme is proposed when linear basis function are used, [92]. For
example, Simpson’s rule over each grid interval for approximation [hNi f i].

The discretization of the Black-Scholes equation 5.3 is given by:
!

 X
X
Ujn+1 − Ujn
n+1
n+1
n+1
Aj
= (1 − θ)
γji (Ui − Uj ) +
Lji rSj Uji+1/2 −
∆t
i∈j±1
i∈j±1
−(1 − θ)



Aj r Ujn+1



+θ

 X

i∈j±1

γji (Uin − Ujn ) +
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X

i∈j±1

n
− Aj r Ujn
Lji rSj Uji+1/2
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where Lji = +1 if i = j + 1 and Lji = −1 if i = j − 1, and
Z

Ujn+1 + Uin+1
Sj+1 − Sj
n+1
Aj = Nj d Ω =
,
Uji+1/2 =
2
2
Z
σ 2 Sj2
1 2 2
▽Nj σ Sj ▽ Ni dΩ =
γji = −
2
2 |Sj − Si |
Ω

We can summarize the convergence analysis of this method:

1. The initial conditions, i.e. the payoff, is L2 -projected onto the space
of basis functions. Thus the data are as smooth as possible in the L2 -norm.
2. Rannacher’s method with start of two fully implicit step is used.
3. The projection and Rannacher timestepping must occur at all nonsmooth states, i.e. whenever a discontinuity is introduced. 5 For digital
options, this just means at the start, but for discretely monitored barrier
options, it would be at each monitoring date.
We will point some weakness and strengths of the proposed methods:
Of the three method techniques for smoothing the payoff, projecting the
initial conditions is perhaps the most difficult to implement. However, it is
the most general because shifting and averaging may cause problems when
refining the grid or valuating multi-asset options.
In general, the new idea is the combination of two methods. Development of this idea is the presented finite difference scheme in the next
section that is a combination of Padé approximants applied consecutively
a finite number of times.

4.6

Smoothing with Families of Padé Approximants

In the previous section we have discussed some convergence remedies for
non-smooth payoffs in option pricing presented by Pooley in [92]. To re5

All discontinuities or kinks in the payoff are aligned with grid nodes while the data resulting from
the averaging operator 4.35 may still have kinks.
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member, discrete barrier options have not only non-smooth payoffs but
also time dependent discontinuities.
A different smoothing strategy for the Crank-Nicolson method than that
of Pooley for barrier options is presented by B. A. Wade, A. Q. M. Khaliq,
M. Yousuf, J. Vigo-Aguiar and R. Deininger in their mutual article [114].
They have proposed a more advanced method instead of the combination
of smoothing initial data followed by Rannacher time-stepping. The most
distinctive features of the method are:
1. The new family of algorithms utilizes diagonal Padé schemes combined with positivity-preserving Padé schemes. 6
2. High order accuracy and optimal order convergence for discrete barrier
options is achieved owing to the damping properties of subdiagonal
positivity-preserving Padé schemes.
3. Oscillations are damped not only at the beginning but also at each
time when barrier are applied.
4. The algorithms are implemented by a operator splitting technique that
allows accurate computations on serial or parallel machines.
Let notice that we discretize the Black-Scholes equations 5.3 using the
method of lines leading to the system dV /dt + AV = 0. In this case the iteration matrix A is A = tridiag{(σ 2 Sj2 −rSj ∆S)/2; −σ 2 Sj2 −r ∆S; (σ 2 Sj2 +
rSj ∆S)/2} and it is a M-matrix if σ 2 > r and does not introduce oscillations of the solution.
For the method of lines we know that the numerical solution satisfies
the two-term recurrence relation V (tn + ∆t) = e −∆tA V (tn ).
Thus, the new approach of combined Padé approximants is designed to
approximate the exponential function e −∆tA in the last relation, ’capturing
6

The approach of positivity-preserving Padé scheme for parabolic equations is introduced in the [113].
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at least its positivity, monotonicity, and value zero at infinity’, [114].
To clarify this new idea let present first the formulas for rational Padé
approximants 7 of e−z defined by Rm,n := Pm,n /Qm,n where:
m
n
X
X
(m + n − j)! m!
(m + n − j)! m!
j
Pm,n (z) =
(−z) , Qm,n (z) =
(z) j
(m + n)! (m − j)!
(m + n)! (n − j)!
j=0
j=0

where Rm,n (z) = e−z + O(|z|m+n+1 ) as z → 0, z-complex number.

Thus, by positivity preserving Padé scheme Rm,n (z) it is implied by the
authors those schemes having a symbol for e−z , that is positive, monotonically decreasing to zero on the positive real axis, [113]. For a definition of
the concept symbol of the algorithm usually the lim Rm,n (z) is examined,
z→∞
see also [99].
Such schemes are (0, 2m − 1)-Padé schemes or R0,2m−1 -approximants.
Their advantage of monotonically decreasing symbol to zero is frequently
empirically demonstrated. For example, high accuracy is achieved for the
heat equation when similar computations are done such as these of tables 7.5 and 7.6 that express errors between the exponential terms and
amplifications factors in different cases of spatial steps ∆S.
The direct comparison of different Padé approximations with the e−z
confirms the good behaviour of positivity preserving Padé scheme. Thus,
these schemes are more preferable than L0 -stable ones such as 4.33.
In contrast, the symbols of the first subdiagonal (m−1, m)-Padé schemes
damping schemes, m = 2, 3, . . . either change sign or their derivatives do.
Thus, they are not monotonically decreasing and in case of discontinuous
initial conditions high frequency terms are not damped quickly. This can
cause unphysical oscillations depending on the relative size of diffusion rate
and the spatial and time mesh sizes.
7

Here we denote the Padé approximation Rm,n that has inverse symbols of m and n in contrast to
[99], where RS,T corresponds in fact to Rn,m .
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Using this theory of rational functions the method of lines finally leads
to a finite difference solution of 5.3 frequently written in general form as
Vn+1 = Rm,n (∆tA)Vn ,

where

(4.37)

Rm,n is a bounded function on the spectrum of ∆tA, uniformly in ∆t.
Thus, the Rannacher timestepping method described earlier in the previous section as a Crank-Nicolson smoothing procedure has the form
(
R0,1 (∆tA)Vn if 0 ≤ n ≤ p
Vn+1 =
R1,1 (∆tA)Vn if p ≤ n
where p ≥ 2 is the number of spatial damping steps. It is known from some
theoretical researches such as [17] that it is sufficient p = 2. However,
sometimes in practice larger value of p works better for a specific problem.
This scheme contains the idea of combining a diagonal Padé scheme
R1,1 (Crank-Nicolson scheme) with the positivity preserving Padé scheme
R0,1 (backward Euler scheme), for a number of steps in the beginning.
However, the barriers are not applied continuously but discretely. Thus,
the problem should be considered as a sequence of successively restarted
problems at the discrete times of monitoring because applying a new barrier
condition creates a new jump in the solution that must be re-considered as
a new initial value. For this reason, usually is defined a set Sp as follows:
Sp = { tn | τi ≤ tn ≤ τi + p ∆t,

τi ∈ B , n = 0, 1, 2, . . . }

(4.38)

where p ≥ 2, B is the set of all moments τi when barriers are applied and
Sp is a set of time points to be treated again with a damping scheme. 8
The updated version of the Crank-Nicolson smoothing procedure for
discrete barrier options proposed in [114] is given by:
(
R0,1 (∆tA)Vn if tn ∈ Sp
(CN)
Vn+1 =
R1,1 (∆tA)Vn else
8

Naturally, we assume that p ∆t is smaller than the interval for pricing the barrier options.
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In fact, the damping strategy is re-applied p times at each barrier. ’Since
we have a fixed number of barriers, the order of the damping scheme can
be one less than that of the primary scheme because the local truncation
error is one degree higher than the global truncation error’, [114].
Thus, it is preserved second-order accuracy of the method. In attempt
to invent high-order schemes for pricing barrier options the authors of [114]
have presented a generalized version the upper Crank-Nicolson smoothing
procedure known as Rannacher scheme for m > 1: 9
(
Rm−1,m (∆tA) if tn ∈ Sp
(SP(m))
Vn+1 =
Rm,m (∆tA)Vn else
Here p = 2m and this scheme is of order 2m. In order to minimize
the amplification of oscillations the authors has proposed a new family of
2m-order schemes that differ by its starting positivity preserving (0, 2m−1)Padé schemes that is not first subdiagonal. For p ≥ 2, it has the form:
(
R0,2m−1 (∆tA)Vn if tn ∈ Sp
(PSP(m))
Vn+1 =
Rm,m (∆tA)Vn
else
At first glance, here we see that p is never required to be larger than 2,
independent of m whereas the Rannacher’s scheme require p ≥ 2m, [114].

The use of higher order Padé schemes requires computing the inverses
of polynomial functions of matrices. Operator splitting technique permits
overcoming diffulties such as ill-conditioning by the following kind of a
partial fraction decomposition with complex arithmetics if m < n:
q1
qX
1 +q2
 w 
X
wi
i
Rm,n (z) =
+2
Re
z − ci
z − ci
i=1
i=q +1
1

where Rm,n has q1 real poles and 2q2 nonreal poles {ci }, with q1 + 2q2 = n.
9

For m = 1 represents the original Luskin-Rannacher scheme in [71].
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We estimate wi taking z → c1 , z 6= c1 and using the l’Hôpital’s rule we
have:
Pm,n (ci )
Pm,n (z)(z − ci )
= ′
z→z1
Qm,n (z)
Qm,n (ci )

wi = lim Rm,n (z)(z − ci ) = lim
z→ci

Equation Vn+1 = e −∆T A Vn can be computed through the following algorithm:
1. For i = 1, . . . , q1 + q2 , solve (∆tA − ci I) yi = Vn ;


Pq1 w i
Pq1 +q2
wi
2a. If m < n, compute Vn+1 = i=1 z−ci + 2 i=q1 +1 Re z−ci ;


Pq1 w i
Pq1 +q2
wi
m
2b. If m = n, compute Vn+1 = (−1) Vn + i=1 z−ci + 2 i=q1 +1 Re z−ci .
The damping effect of two fourth-order schemes SP(2) and PSP(2) is
demonstrated by examples where there is limited regularity of the initial
conditions, [113]. 10 For example, a convection-diffusion equation of general type [106] with boundary conditions that are hat function 11

Computational results show that the PSP(2) scheme is more accurate
than SP(2) for relatively large step sizes. The PSP(2)-scheme is accurate
for a wider range of combinations of time step and diffusion constant.
The six-order PSP(3)-scheme is applied to the heat equation ut = uxx
but with zero boundary conditions u(0, t) = u(1, t) = 0 and an initial condition function u(x, 0) = sin(8πx)+sin(30πx). The PSP(3)-scheme better represses spurious errors than SP(3), the computational results are presented
in [113]. Thus, independently of Samuli Ikonen [51], it is confirmed that
high frequency components decay slowly when the Crank-Nicolson scheme
is directly used.
For one and two-asset discrete barrier options the PSP(2)-scheme shows
good convergence and overcome the problem of spurious oscillations near
10

The designation SP(m) and PSP(m) is formally used. The fourth order version of P SP (2) is given
by the finite difference equation: Vn+1 = (I + ∆tA + 12 ∆t2 A2 + 61 ∆t3 A3 ) −1 Vn , if tn ∈ Sp and else
(I− 1 ∆tA+

1

∆t2 A2 )

2
12
Vn+1 = (I+ 1 ∆tA+
1
2 2 −1 Vn .
2
12 ∆t A )
11
We have limited regularity because the first derivative of a hat function is discontinuous.
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the discontinuities when the barriers are applied. The updated version of
the Crank-Nicolson scheme (CN) achieves second order convergence.
However, for discrete barrier options the problem of small volatility
values, i.e. the case of σ 2 < r of 5.13, still remains attractive to be explored.
In the next chapter we will present our finite difference suggestions for
resolving this case.

4.7

An Explicit Finite Difference Approach for Barrier Options

A modified explicit finite difference approach to the pricing of barrier options has been developed by Phelim Boyle and Yisong Tian, [120]. This
method works successfully both single and double barrier options monitored not only continuously but also discretely.
Moreover, Tian and Boyles’ tricky modifications of the numerical scheme
show that discrete monitoring of barrier options could be handled. For both
continuous and discrete barriers, to be obtained accurate results, the grid
is constructed such that the barrier is located in a suitable position relative
to horizontal layers of nodes on the grid. The option price at each node
on the grid may be obtained by implementing a standard trinomial tree
procedure and the current value of the option is obtained by a quadratic
interpolation of the option prices at the three adjacent nodes in case the
initial asset price S0 does not lie exactly on the grid. Accurate hedge ratios
for delta, gamma and theta are obtained.
The applied techniques are frequently used in finite difference methods and the method shows directly the connection of trinomial trees and
explicit finite difference schemes.
The main difference in discrete and continuous monitoring of barrier
options is:
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• Barrier passes through a horizontal layer of nodes for a continuous
barrier option.
• Barrier is located halfway between two horizontal layers of nodes in
the discrete case.
Analogously in section 3.5, the original Black-Scholes equation 3.6 is transformed to a convection-diffusion one with constant coefficients using the
substitution y(t) = logS(t):

∂V
σ 2  ∂V
1 2 ∂ 2V
+ r−
+ σ
= rV
(4.39)
∂t
2
∂y
2
∂y 2

Using central differences for discretization this equation it is resolved
backwards in time t0 , t0 + ∆t, . . . , T but the spatial y-axis is repartitioned
in such a way that the barrier is always on the grid for continuous barrier
B, i.e. yd = logBd and the space grid points are yd , yd + ∆y, . . . , m∆y,
where m is some large positive integer. We obtain


1
Vm,i =
p d Vm−1,i+1 + p 0 Vm,i+1 + p u Vm+1,i+1 ,
1 + r ∆t

q∆t
σ 2 ∆t
σ 2 ∆t
q∆t
σ2
σ 2 ∆t
+
, p0 = 1−
, pd =
−
, q = r−
pu =
2 (∆y)2 2∆y
(∆y)2
2 (∆y)2 2∆y
2
√
The tricky modification of Tian and Boyle is setting ∆S = λσ ∆t
where the parameter λ is chosen such that λ ≥ 1 and this ensures stability
of the numerical scheme.
Thus, p d , p 0 , p u could be interpreted as probabilities of trinomial tree
because they are non-negative and p d + p 0 + p u = 1 and hence the connection with the explicit scheme.
In case of two barriers Bd < S0 < Bu the one degree of freedom in
λ is used to modify the grid in order to have layers of nodes on both
barriers. On the y-axis these barriers are yd = logBd and yu = logBu and
the lower barrier is located on the barrier. Let the distance between the
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two barriers yu − yd is covered by η small intervals of length ∆y where
√
η = (yu − yd )/∆y = (yu − yd )/(λσ ∆t). Let N0 be the closest integer

to η given by N0 = [η + 0.5] where [∗] returns the integer portion of the
argument in the brackets.
√
Defining λ∗ = (η/N0 ) λ and ∆y ∗ = λ∗ σ ∆t the y-axis is now repartitioned as follows: yd , yd + ∆y ∗ , . . . , N0 ∆y ∗ and both barrier are located
exactly on the grid. Analogously the procedure of N0 , the closest grid
point on the y-axis to the initial asset price y0 = logS0 is defined as yj0
√
where j0 = [(y0 − yd )/(λσ ∆t) + 0.5]. Using the prices at nodes (t0 , yj0 −1 ),
(t0 , yj0 ) and (t0 , yj0 +1 ), the quadratic interpolation technique is applied to
√
calculate the price at (t0 , y0 ). Usually, the parameter λ is taken 1.5 or
√
3 and then λ∗ = (η/N0 ) λ.
Similar modifications of the numerical scheme are done for discrete barrier options.
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Chapter 5
Finite Difference Suggestions
5.1

Necessary and Sufficient Conditions for Stability

In this subsection we state some general results for the necessary and sufficient conditions for stability of a finite difference methods from a more
general point of view. Thus, in a natural way emerges the necessity of
the discrete maximum principle as important property for the solution of
parabolic problems.
What we know about the Crank-Nicolson method from the Fourier analysis? Applied to the heat equation it is unconditionally stable. The application of the Fourier analysis leads to necessary and sufficient conditions of
the finite difference scheme that provides stability satisfying the following
Lax-Richtmyer equivalence theorem:
Theorem 5.1.1. If a linear finite-difference equation is consistent with
a properly posed linear initial-value problem then stability guarantees
convergence of the numerical solution to the analytical solution as the
mesh lengths tend to zero.
However, we should mentioned some weakness of the Fourier analysis:
• The method depends strongly on the smoothness of the boundary conditions for the respective partial differential equation.
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• Our main objective is pricing options with exotic characteristics and
under non-standard hypotheses such as barrier options. They are characterized by payoff with discontinuities that reflects in discontinuities
in the terminal/boundary conditions as it is shown in subsection 3.4.
• In case of partial differential equations with parameters the Fourier
analysis is not a very suitable one for proving the stability.
• Fourier’s method cannot handle nonlinear equations or linear equations with variable coefficients.
The famous Black-Scholes equation is linear equation with variable coefficients. Moreover, it contains two parameters-interest rate and volatility.
In attempt to be achieved convergence of the numerical solution in the
maximum norm, usually additional prerequisites are imposed on the finite difference solution. For instance, the discrete version of the maximum
principle, practical or strong stability conditions used by Morton, [84], conditions of maximum norm contractivity used by Kraaijevanger, [63].

5.2

Sufficient Conditions - Maximum Principle

In this subsection we will present the discrete version of the maximum principle that is very important property for the solution of parabolic problems
because of their diffusive character. The maximum principle is a very attractive numerical tool mainly because of the following reasons:
• It could be an alternative of the Fourier method for proving stability.
• It has the advantage to be applied to nonlinear equations or linear
equations with variable coefficients with arbitrary parameters. 1
1

The Fourier method or the so called von Neumann’s method is applied only to equations with constant
coefficients and only to initial value problems with periodic data.
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• It is a sufficient condition for stability of finite difference schemes.

2

The discrete version of the maximum principle could be stated in the following way:
Definition 5.2.1. Let V (S, t) be the numerical solution of a given partial
differential equation of parabolic type with independent variables S and t.
The numerical solution V (S, t) satisfies the discrete version of the maximum principle if it is true that
max |V (S, t1 )| ≥

S∈[0,Smax ]

max |V (S, t2 )| ,

S∈[0,Smax ]

t1 ≤ t2

(5.1)

This inequality means that the maximum value of V (S, t) should not increase as t increases. Unfortunately, the numerical solution does not always
satisfy a corresponding discrete version of maximum principle, especially
in the presence of boundary layers.
If 5.1 is violated then the numerical solution may exhibit spurious wiggles near sharp gradients. As consequence, even though the numerical
method converges, it often yields approximation solutions that differ qualitatively from the corresponding exact solutions.
Unfortunately, due to variable coefficients in option pricing models, in
general, the preservation of the discrete maximum principle can depend
on the values of the model parameters such as interest rate and volatility,
independently of the discretization step.
The preservation of discrete maximum principle may require a high computational cost. In fact, explicit schemes and the Crank-Nicolson method
satisfy only conditionally this principle.
2

For difference equations involving three or more time-levels or two or more dependent variables, the
von Neumann conditions are always necessary but may not be sufficient, [94].
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5.3

Crank-Nicolson Method for Barrier Options

Let turn back to the example of definition 1.1.1 of discrete double barrier
options that according to section 2.1.2 is characterized by a discontinuous
payoff condition and the option valuation problem is often discussed in
Finance. Let remember definition 1.1.1:
A discrete double barrier knock-out call option is an option with a continuous payoff condition equal to max(S − K, 0) which expires worthless if
before the maturity the asset price has fallen outside the barrier corridor
[L, U ] at the prefixed monitoring dates: at these dates the option becomes
zero if the asset falls out of the corridor. If one of the barriers is touched
by the asset price at the prefixed dates then the option is canceled, i.e. it
becomes zero, but the holder may be compensated by a rebate payment,
Fig. 5.1.
We consider as a model for the movement of the asset price a geometric
Brownian motion diffusion process with constant coefficients r and σ
dS
= r dt + σdX
(5.2)
S
where r is the interest rate, and σ is the volatility. Both parameters are
constants.
In fact, this is the Black-Scholes model developed in section 2.2.2 which
leads to the Black-Scholes-Merton partial differential equation for the underlying asset price V (S, t) in the form 3.9 where t is the time to expiry T
of the contract, i.e.
∂V
∂V
1
∂ 2V
+ rS
+ σ2S 2
− rV = 0
(5.3)
∂t
∂S 2
∂S 2
To remember from section 3.4, equation 5.3 has many solutions, corresponding to all the different derivatives that can be defined with S as the
underlying variable. The particular derivative that is obtained when the
equation is solved depends on the boundary conditions that are used.
−
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Figure 5.1: Payoff diagram of barrier option with discrete monitoring clause.

In case of a barrier option with a discrete monitoring clause, we know
from section 2.1.2, that in explicit form the payoff conditions are:
V (S, 0) = max(S − K, 0) 1( L,U ) (S)

(5.4)

V (S, t) → 0 as S → 0 or S → ∞

(5.5)

with updating of the initial conditions at the monitoring dates t−
i , i.e.
0 = t0 < t1 < . . . tF = T :
V (S, ti ) = V (S, t−
i ) 1( L,U ) (S),

i = 1, 2, . . . , F

(5.6)

where 1( L,U ) is the indicator function, i.e., 1( L,U ) = 1, if x ∈ (L, U ) and

1( L,U ) = 0, if x ∈
/ (L, U ). At time t+
i are applied the barriers L and U as
illustrated on Fig. 5.1. In this case of barrier options we suppose no rebate
if one of the barriers is touched.
It should be noted that, away from the monitoring dates, the option
price V (S, t) can move on the positive real axis interval [0, +∞].
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In section 2.2 we have postulated the most important problem in the
market of financial derivatives - the option valuation problem. The discussion how to compute a fair value for the option leads to the following
question: What are the main features of a barrier option with a discrete
monitoring clause that distinguish it as a derivative?
For the standard European call and put option and some barrier options
we know from the results of chapter 2 that:
• In the case of standard European call and put options the BlackScholes equation 3.6 with conditions 3.7 or 3.8 has analytical solution,
that is the famous Black-Scholes option valuation formula 3.1 or 3.4
of section 3.3.
• In section 3.6 using the linearity of the Black-Scholes equation and the

payoff functions of cash-or-nothing and supershare binary options we
have presented explicit formulas 3.23 and 3.26 for the value of these
derivatives.

For a barrier option with a discrete monitoring clause let remember
from section 2.1.3 that such exotic options have complicated description
because the position of the knockout boundary is a function of time.
• In contrast, the parabolic problem 5.3 of discrete barrier options having conditions 5.4, 5.5 and 5.6 has no analytical solution. In this case
there is not analogue to the Black-Scholes option valuation formula
3.1 for standard European options.
• This still encourages many researches in option pricing to use numerical methods such as the finite difference approach. However, depending on the two parameters, i.e. the interest rate r and the volatility
σ in equation 5.3, in some cases there exist reliable finite difference
solutions but others cases of σ and r still remain unsolved.
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Thus, the option valuation problem in case of discrete barrier options is
still open!
In order to give an idea of the numerical problems that can arise in
finite difference approximation of equation 5.3 we will examine the CrankNicolson scheme that is most used in Finance because it is second order
accurate both in time and S.
As usual, in the finite difference approximation the S-domain is truncated at the cautelative value Smax , sufficiently large such that computed
values are not appreciably affected by the upper boundary.
The computational domain [0, Smax ] × [0, T ] is discretized by a uniform
mesh with steps ∆S and ∆t. Therefore we obtain the nodes Sj and tn ,
where Sj = j∆S, j = 0, . . . , M and tn = n∆t, n = 0, . . . , N so that
Smax = M ∆S and T = N ∆t.
The choice of a specific numerical scheme is based on its property of
convergence. Such a requirement usually rests on the Lax’s equivalence
theorem 5.1.1, details in [94] and [99].
Starting from the continuous partial differential equation 5.3, using finite
differences approach the problem with conditions is reduced to solving a
linear system of the type:
Vn+1 = A Vn
(5.7)
where the index n denotes the numerical solution at n-th time level.
Finite difference transformation preserves all the properties of the initial
model, i.e. the conditions 5.4, 5.5, 5.6 are not violated.
Finite difference schemes have advantage over other numerical approaches
because they permit observation of the entire life of the option. The numerical solution VSj ,tn contains the option price V (S, t) for different values
Sj = j∆S and times tn = n∆t.
• What usually happens when applying the Crank-Nicolson method in
case of a barrier option with a discrete monitoring clause?
83

5.3. CRANK-NICOLSON METHOD FOR BARRIER OPTIONS

Vt

t n+1
tn

.
.

Sj

Vs

Vss

. .
. .
S

...
...
Sj

j

V

.
.
Sj

Figure 5.2: Involved nodes in the Crank-Nicolson scheme.

Using nodes, the Crank-Nicolson scheme could be formally depicted by
Fig. 5.2. The finite difference approximation of equation 5.3 provides the
linear system:
P Vn+1 = N Vn
(5.8)
with P and N the following tridiagonal matrices:
!2
!2
(
σ Sj
1
r r Sj
1 σ Sj
r Sj
;
+ ;−
−
+
−
P = tridiag
4 ∆S
2 ∆S
∆t 2 ∆S
2 4 ∆S
(
!2
!2
r Sj
σ Sj
1
r r Sj
1 σ Sj
N = tridiag −
;
− ;
+
−
+
4 ∆S
2 ∆S
∆t
2 ∆S
2 4 ∆S

σ Sj
2 ∆S

!2 )

σ Sj
2 ∆S

!2 )

The same happens with barrier options with a discrete monitoring clause
that are characterized by a discontinuous payoff condition, Fig. 5.1.
Figure 5.3 shows the Crank-Nicolson solution is affected by spurious
oscillations that do not decay quickly. The scheme is applied to equation
5.3 that has discontinuous conditions 5.4-5.6 with parameters L = 90,
K = 100, U = 110, r = 0.05, σ = 0.2, T = 1 where ∆S = 0.1, ∆t = 0.01.
Experimental evidence shows that the spurious oscillations at time t,
t + ∆t, t + 2 ∆t ... are alternating in time, as a consequence of negative or
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Figure 5.3: Option pricing just before the last monitoring date tF = 12.

complex eigenvalues in the iteration matrix in the finite difference equation
5.7. The corresponding iteration matrix in equation 5.8 is P −1 N , i.e.
Vn+1 = (P −1 N ) Vn .
Indeed, it will be demonstrated that under mild hypothesis the iteration
matrix A is similar to a diagonal matrix, so that
A = SΛS −1

(5.9)

with S and Λ eigenvectors and eigenvalues matrices respectively.
Then the Crank-Nicolson scheme 5.2 leads to difference equation
Vn = A Vn−1 = A (AVn−2 ) = . . . = An V0 = SΛn S −1 V0
where V0 is vector of the initial conditions of equation 5.3.
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(5.10)

5.4. TIME-STEP CONDITION FOR CRANK-NICOLSON METHOD

We could say that mathematically spurious oscillations emerge from the
combined effect of several factors, such as:
• Positivity of the solution is not satisfied;
• Discrete version of maximum principle 5.1 is not guaranteed;
• Presence of negative or complex eigenvalues in the spectrum of the
corresponding difference matrix.
Pricing the Greek letter Delta ∂V
∂S in case of a barrier options with a discrete monitoring clause leads to the same numerical problem of undesired
spurious oscillations near the barriers L, U and the strike price K, [79].
In this section we have pointed some of the drawbacks of the CrankNicolson method. The convergence analysis shows that numerical oscillations occur near the points of discontinuities of the initial function.
• This discontinuity will be renewed at every monitoring clause date.

3

• The oscillations derive from an inaccurate approximation of the very
sharp gradient produced by the knock-out clause, generating an error
that is damped out only very slowly, [101]
In the next section we will demonstrate that there exist remedies for obtaining an accurate numerical solution such as using a time-step restriction.

5.4

Time-step Condition for Crank-Nicolson Method

Thus, in case of a barrier options with a discrete monitoring clause the
direct application of the Crank-Nicolson method is not efficient because all
the requirements of the financial contract could not be satisfied.
3

In section we mentioned that this is connected with the Riemann localization principle, [112].
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As we have written in the case of barrier options, in order to achieve
the desired accuracy near the barriers we should increase the spatial discretization. However this fact generates an iteration matrix characterized
by negative eigenvalues near -1. As a consequence the numerical solution
will be affected by spurious oscillations that do not decay quickly.
Moreover, the discontinuity will be renewed at every monitoring date.
Inventing new suitable finite difference schemes that enable to solve accurately the respective Black-Scholes equation 5.3 is required.
Experimentally, this problem could be avoided if the time-step becomes
prohibitively small. In fact, Tavella (Pricing Financial Instruments, 2000,
page 189, [102]) uses the so called characteristic grid diffusion time
τd =

∆S 2
(σS)2

(5.11)

so that whenever ∆t ≥ τd is used, then an oscillating behaviour close to
barrier arises. Sj = j ∆S, j = 0, 1, . . . , M and then τd = (σj)−1 ≤ (σM )−1 .

However, the Crank-Nicolson method could work successfully in case of
discrete barrier options. This finite difference scheme will be investigated
where:
1. The numerical solution is positive;
2. The discrete version of maximum principle 5.1 is satisfied;
3. The spectrum of the iteration matrix A in equation 5.10 contains
uniquely positive eigenvalues.4
All these additional requirements imposed on the Crank-Nicolson method
lead to a time-step that is prohibitively small, [101].
4

The spurious oscillation may disappear if the spectrum of the iteration matrix A contains positive
eigenvalues only, or negative eigenvalues far from -1.
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Depending on the parameters volatility and interest rate in equation 5.3
there are two cases 5 to be investigated when discretizing it. The obtained
finite difference equation 5.8 of the Crank-Nicolson scheme, that is:
P Vn+1 = N Vn

(5.12)

differs whether
σ2 < r

or

σ2 > r

(5.13)

The first case σ 2 < r remains still unsolved. We will examine closely
the second case σ 2 > r. The following sufficient conditions hold.
Lemma 5.4.1. Under hypotheses σ 2 > r, it is true:
1. The matrix P −1 > 0 and ||P −1 ||∞ ≤
2. If ∆t <

2
r+(σM )2

1

1
r
∆t + 2

;

then:

• The matrix ||N || > 0 with ||N ||∞ =

1
∆t

− 2r ;

• Both positivity and discrete maximum principle are satisfied.
3. If ∆t <

2
r+2 (σM )2

then λi (P −1 N ) ∈ (0, 1) and λi (P −1 N ) are distinct.6

Proof: 1. The matrix P is an irreducible diagonally dominant matrix.
Then According to theorem A.4.2 of the appendix A it is a M-matrix 7
and P −1 > 0. Moreover, from lemma A.4.1 of the appendix A we have:
||P −1 ||∞ ≤
5

1
1
∆t +

r
2

The practical problem of applying the finite difference method depends on the relation of the two
parameters σ and r. Finite difference suggestions for overcoming the problem σ 2 < r will be presented
in chapter 5. Another important aspect is the discretization of the first derivative ∂V
∂S .
6
Denoting λi (P −1 N ) means all the eigenvalues of the matrix P −1 N .
7
For σ 2 > r the elements of P shows it is a Ln×n tridiagonal matrix satisfying the conditions of
theorem A.4.2 to be a M-matrix. For definition and properties of M-matrices see appendix A.
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2. Using that Sj = j ∆S, j = 1, . . . , M the matrix N could be written:
N = tridiag

n

 σ 2 1
 σ 2 o
r
1
r r
2
− j +
j ;
− (σ j) − ; j +
j
4
2
∆t
2
2 4
2

The positivity of the matrix N follows from the expression:
 σ 2 o
n j (σ 2 j − r)
1
(σ j)2 + r r
;
−
; j +
j
N = tridiag
4
∆t
2
4
2

1
Thus, it is trivial to be verified: ||N ||∞ = ∆t
− 2r . The matrices P −1 and N
are positive. Hence, the iteration matrix A = P −1 N in the finite difference
equation 5.8 is positive.

The positivity of the numerical solution follows from the fact V0 ≥ 0 and
the induction Vn = A Vn−1 = A (AVn−2 ) = . . . = An V0 , where A = P −1 N
and thus we have:
Vn+1 = (P −1 N ) Vn > 0

(5.14)

Using the valuation of the norms ||P −1 ||∞ and ||N ||∞ we verify that the
Crank-Nicolson scheme satisfies the discrete maximum principle 5.1:
||Vn+1 ||∞ = ||(P

−1

N )Vn ||∞ = ||P

−1

||∞ ||N ||∞ ||Vn ||∞ ≤

1
∆t
1
∆t

− 2r
||Vn ||∞ ≤ ||Vn ||∞
+ 2r

3. Using the identity matrix I the matrix P and N of equation 5.12 may
be written respectively in the following way:
P =
(

1
I + C
∆t

r Sj
−
C = tridiag
4 ∆S

σ Sj
2 ∆S

and N =

1
I − C , where
∆t

!2

!2

1 σ Sj
;
2 ∆S

r
r Sj
+ ; −
−
2
4 ∆S

(5.15)
σ Sj
2 ∆S

!2 )

Remark 5.4.1. The matrix C is a tridiagonal matrix that has positive
diagonal elements and negative off-diagonal elements because σ 2 > r.
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• According to [88], the matrix C is similar to a Jacobi matrix 8 and
admits distinct real eigenvalues λi (C).9
• According to the Gerschgorin’s theorem 10 these λi (C) are located in
the following interval [ 2r ; 2r + (σM )2 ].
• According to 5.15 the eigenvalues of the matrix P −1 N are:
λi (P −1 N ) =

1 − ∆t λi (C)
1 + ∆t λi (C)

(5.16)

• We could not find explicitly λi (P −1 N ) but we conclude that if:
∆t <

2
r + 2(σM )2

then

λi (P −1 N ) ∈ (0, 1)

(5.17)

Remark 5.4.2. The last condition 5.17 makes the Crank-Nicolson scheme
conditionally stable. If the discretization scheme does not preserve the
financial condition σ 2 > r and the time step restriction 5.17, the solution
may take negative values and may oscillate.
Indeed, let M → ∞ and choose a fixed ∆t such that the time step
restriction in 5.17 is not satisfied. When M → ∞, it is obvious that the
second condition ∆t < 2/(r + (σM )2 ) of lemma 5.4.1 is not verified.
Thus the positivity of the solution Vn+1 is not guaranteed because the
diagonal elements of the matrix N are negative and it is possible to happen
that Vn+1 = (P −1 N ) Vn < 0.
8

The term Jacobi matrix unfortunately has more than one meaning in the literature. Here, we mean
a symmetric tridiagonal matrix with special properties, see appendix A and [110], section 19.
9
The node Sj with index j = 0 in the Crank-Nicolson method 5.12 represents the initial conditions.
Thus, Sj varies for j = 1, 2, . . . , M in the matrix C determining its order and formally we accept that
they are M eigenvalues λi (C).
10
The modulus of the largest eigenvalue of a square matrix cannot exceed the largest sum of the moduli
of the terms along any row or any column. In fact, for the lower bound r/2 of the eigenvalues of the
matrix C, we use the Brauer’s theorem. It states, that every eigenvalue of C lies inside or on the boundary
of at least one of the circles |λ − css | = Ps , where Ps is the sum of the moduli of the terms along the s-th
row excluding the diagonal element css [99].
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In fact, M → ∞ is equivalent to ∆S → 0 as Smax = M ∆S and Smax is
a fixed value, i.e. diminishing of the space step ∆S.
To the M distinct eigenvalues λi (P −1 N ) of the matrix P −1 N are associated M -number linearly independent eigenvectors vi that can be used as
a basis for the M -dimensional space of the vector V (0) of initial conditions
5.4 that is
M
X
V (0) =
di vi
(5.18)
i=1

where the di are proper weights.

Then the numerical solution Vn+1 oscillates when λi (P −1 N ) → −1:
Vn+1 = (P

−1

n

N ) V0 = (P

−1

N)

n

M
X

di vi =

i=1

M
X
i=1

di (P

−1

n

N ) vi =

M
X

di (λi )n vi

i=1

Let now examine another different scenario. We take ∆t such that time
step restriction in 5.17 is satisfied. Diminishing the space step ∆S, i.e.
M → ∞ then the spectrum ρ(C) : = max(λi (C)) → ∞ and relation 5.16
shows that λi (P −1 N ) → −1. This leads to oscillation as we have seen.
On the other hand, diminishing the space step ∆S, i.e. M → ∞ leads to
decreasing significantly the time step.
From all these observations we could underline two things. First, improving accuracy of the finite differences scheme by decreasing the space
step could lead to negative numerical solution or unwanted fast oscillations.
Second, the scheme becomes time-consuming.
This phenomenon of the Crank-Nicolson scheme is characterized as
slowly damping of the high frequency terms in the initial function that is not
only non-smooth but also discontinuous. Tavella describes this phenomena
as excitation of the eigenvalues of the finite difference matrix, [102].
The financial requirements of the contract leads to a prohibitively small
time step for working successfully Crank-Nicolson scheme. Any implicit
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finite difference scheme with such a small time step is time-consuming and
not efficient numerical method.
In section 5 we propose various finite difference schemes for the respective Black-Scholes equation in case of discrete double barrier options. Our
suggestions are variants of the well-known Crank-Nicolson scheme, implicit
and semi-implicit schemes with some extra imposed sufficient conditions.
Thus the schemes satisfy all the financial requirements of the option contract such as positivity and do not suffer of undesired spurious oscillations.
However, the proposed finite difference schemes allow us to choose a
more acceptable time step. Some of the presented schemes are less accurate, for example O((∆S)2 , ∆t), but these schemes are significantly more
fast from a computational point of view. The choice between accuracy and
computational speed arises frequently in finite difference approach.
To overcome the drawbacks of the Crank-Nicolson scheme in case of
discontinuous payoffs many authors suggest also different remedies than
the time-step restriction. In the the previous chapter 4 we have done a
review of the well-known convergence remedies for efficient application of
finite difference schemes when option with non-smooth payoffs are valuated. In this chapter we propose and explore finite difference schemes that
are not traditional in Quantitative Finance but manage to price efficiently
options with exotic characteristics (barriers, early exercise, etc.) and under
non-standard hypotheses (dividends, transaction costs, discrete monitoring, etc.), satisfying all the financial requirements of the respective option
contract (e.g. positivity).

5.5

Crank-Nicolson Variant Scheme

The proposed scheme differs from the usual Crank-Nicolson (5.8 that was
described in section 5.3 only by the discretization of the reaction term −rV
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Figure 5.4: The upper and the lower figure represent, respectively, the involved nodes
in the Crank-Nicolson variant scheme and the frequently used standard Crank-Nicolson
schemes.

in the Black-Scholes equation, i.e.
∂ 2V
∂V
1
∂V
− rV = 0
(5.19)
+ rS
+ σ2S 2
∂t
∂S 2
∂S 2
The nodes of the Crank-Nicolson scheme has been formally depicted by
Fig. 5.2 and at first glance a simple comparison with the nodes of the new
Crank-Nicolson variant scheme could be done using Fig. 5.4.
It is shown that the reaction term −rV is discretized by six adjacent
nodes through the standard procedure
 1





n+1
n+1
n
n
n
n+1
V (S, t) = a Vj−1 + Vj+1 + b Vj−1 + Vj+1 +
− a − b Vj + Vj
2
(5.20)
with discretization error O((∆S)2 , (∆t)2 ) if a = b and O(∆S, (∆t)2 ) if
−

a 6= b. Here a and b are arbitrary constants to be determined below.
Setting a = b = 0 we obtain the standard Crank-Nicolson scheme.
The finite difference approximation of equation 5.19 provides the linear
system:
P Vn+1 = N Vn
(5.21)
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with P and N the following tridiagonal matrices:
n
1

r
(σj)2 1
(σj)2
r
(σj)2 o
P = tridiag rb + j −
;
+
+r
− a − b ; rb − j −
4
4 ∆t
2
2
4
4
n


2
2
r
(σj) 1 (σj)
1
r
(σj)2 o
N = tridiag −ra− j+
;
−
−r −a−b ; −ra+ j+
4
4 ∆t
2
2
4
4
In case of a discrete barrier options with in section 5.4 we have demonstrated that the Crank-Nicolson method could work successfully. Using this
experience, the new variant of the Crank-Nicolson finite difference scheme
will be investigated where:
1. The numerical solution V (S, t) is positive;
2. The discrete version of maximum principle 5.1 is satisfied by V (S, t);
3. The spectrum of the iteration matrix P −1 N in the Vn+1 = P −1 N Vn ,
obtained from 5.21, contains uniquely positive eigenvalues.11
Thus, the constants a and b are chosen according to the following criteria:
1. The tridiagonal matrix P is a M-matrix. According theorem A.4.2
of the appendix A one of the necessary conditions is all of the off-diagonal
entries of P to be negative for j = 0, 1, . . . , M , i.e true if:
r
(σj)2
r
(σj)2
r
rb − j −
< rb + j −
<0 ⇔ b≤−
(5.22)
4
4
4
4
16σ 2
Under this condition P is also an irreducible matrix. But still P is neither
an Ln×n -matrix nor a strictly (or irreducibly) diagonally dominant matrix
to satisfy theorem A.4.2.
The other unknown parameter a will be defined by the following second
condition:
2. The matrix N has positive entries. This is true if for j = 0, 1, . . . , M :
r (σj)2
r
r (σj)2
> −ra− j+
>0 ⇔ a≤−
a) −ra+ j+
4
4
4
4
16σ 2
11

(5.23)

The spurious oscillation may disappear if the spectrum of the iteration matrix P −1 N contains positive
eigenvalues only, or negative eigenvalues far from -1.
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1
1
1 (σj)2
−
−r( −a−b) > 0 ⇔ ∆t < 1
∆t
2
2
r( 2 − a − b) + 12 (σj)2
where it is convenient to use that
1
1
∆t < 1
<
1
1
r( 2 − a − b) + 2 (σj)2
r( 2 − a − b) + 12 (σM )2
b)

Conditions 5.22 and 5.23 follow from the fact the quadratic inequality
σ 2 x2 − rx − 4rb > 0 of the variable x is always true if it has a negative
discriminant.
Thus, having in mind conditions 5.22, 5.23 and the discretization error
O((∆S)2 , (∆t)2 ) of this scheme if a = b, in order to obtain a second-order
accurate scheme we choose
r
,
(5.24)
a=b=−
16σ 2
Thus, this scheme has the same accuracy as the standard Crank-Nicolson
one.
Moreover, from condition 5.23 we have that the diagonal elements of P
are positive and from 5.22 follows P is an Ln×n -matrix. 12
Applying lemma A.4.1, it follows
 that P is a strongly row diagonally
−1

1
+ 2r
.
dominant matrix and ||P −1 ||∞ ≤ ∆t
In addition, satisfying theorem A.4.2, P is a M-matrix and P −1 > 0.
Analogously the relation 5.14, by combining P −1 > 0 and N ≥ 0, in 5.21
A = P −1 N > 0 and the solution Vn+1 = (P −1 N ) Vn = (P −1 N )n V0 is
positive since V0 ≥ 0.
1
Using the norms ||P −1 ||∞ and ||N ||∞ = ∆t
− 2r , we verify that the solution of the scheme satisfies the discrete maximum principle 5.1:

||Vn+1 ||∞ = ||(P

−1

N )Vn ||∞ = ||P

−1

||∞ ||N ||∞ ||Vn ||∞ ≤

1
∆t
1
∆t

− 2r
||Vn ||∞ ≤ ||Vn ||∞
+ 2r

The eigenvalues of the iteration matrix P −1 N verify the following theorem:
12

See appendix A for definition and properties of Ln×n -matrix and M-matrices, section A.3.
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Theorem 5.5.1. The matrix P −1 N admits M real distinct and positive
1
eigenvalues λi and λi (P −1 N ) ∈ (0, 1), i = 1, 2, . . . , M if ∆t < r( 1 −4b)+(σM
.
)2
2

The proof is similar to that in lemma 5.4.1 in section 5.4. The matrix
1
1
P and N in 5.21 are written as P = ∆t
I + C and N = ∆t
I − C, where
1

n
(σj)2 (σj)2
r
(σj)2 o
r
;
+r
− a − b ; rb − j −
C = tridiag rb + j −
4
4
2
2
4
4
where C is a Jacobi matrix and according to lemma A.1.4 all eigenvalues of
C are real and distinct 13 and from the Gerschgorin’s theorem, [99], these
λi (C) are located in the following interval [ 2r ; (σM )2 + r( 12 − 4b)].
Thus, for the eigenvalues of the iteration matrix P −1 N we have:
|λi (P −1 N )| =

1 − ∆t λi (C)
<1
1 + ∆t λi (C)

(5.25)

so that the scheme is unconditionally stable.
Then via the Lax-Richtmyer equivalence theorem 5.1.1, the CrankNicolson variant scheme is convergent with local truncation error O((∆S)2 , (∆t)2 ).
From 5.25 follows that λi (P −1 N ) > 0 requires ∆t < 1/ρ(C), ρ(C) is
the spectral radius of C. From λi (C) ∈ [ 2r ; (σM )2 + r( 21 − 4b)] and thus
∆t < 1/(r( 21 − 4b) + (σM )2 ) guarantees 0 < λi (P −1 N ) < 1, ∀i.
We could not find explicitly λi (P −1 N ) but we conclude that if:
∆t <

r( 12

1
− 4b) + (σM )2

then

λi (P −1 N ) ∈ (0, 1)

(5.26)

Then the absence of spurious oscillations requires restriction on the time
step ∆t uniquely while restrictions on the financial parameters r and σ are
not required. Thus, absence of oscillations is guaranteed if the time step is
1
(5.27)
∆t < ∆t1 = 1
r( 2 − 4b) + (σM )2
1
It is interesting to observe that for large M values, ∆t1 ∼
= (σM
)2 =: τd ,
the characteristic grid diffusion time of Tavella, presented in section 5.4.
13

For definition and properties of Jacobi matrices see section A.1 of the appendix A.
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Figure 5.5: The upper and the lower figure represent, respectively, the involved nodes in
the fully implicit variant scheme and one example of a semi-implicit variant scheme.

5.6

Variants of Implicit and Semi-implicit Schemes

The proposed scheme in the previous section is highly accurate, that is
O((∆S)2 , (∆t)2 ), but it requires a prohibitively small time step for large
values of the parameter M , i.e. the predefined number of space steps ∆S.
For this reason we will introduce less accurate schemes, i.e. O((∆S)2 , ∆t),
that allow us to choose a more acceptable time step. In the meantime,
these schemes prevent the numerical solution from spurious oscillations
and guarantee its positivity.
• The usual fully implicit scheme and a variant of this scheme;
• Example for a semi-implicit scheme.
The proposed scheme differ from the usual Crank-Nicolson 5.8 that was
described in section 5.3 by the discretization of the reaction term −rV in
the Black-Scholes equation 5.19. The involved nodes in the schemes could
be compared by Fig. 5.4 and Fig. 5.5.
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Like the Crank-Nicolson variant scheme, these schemes preserve the
numerical solution positive, satisfy the discrete maximum principle 5.1 and
have a finite difference equation to the Black-Scholes equation 5.19 that
has an iteration matrix with eigenvalues in the interval (0, 1), i.e. the
eigenvalues are positive and smaller than 1 to be ensured stability.
The technique for proving these statements is exactly the same as the
previous section and hence we will only present briefly these schemes and
their iteration matrices.
• For the usual fully implicit scheme, we have AVn+1 = Vn , where
A = tridiag{ −

∆t
∆t
[ (σj)2 − rj ]; 1 + ∆t [ (σj)2 + r ]; − [ (σj)2 + rj ]} (5.28)
2
2

−1
The condition σ 2 > r is sufficient A hto be M-matrix and
i A > 0 is an
1
1
iteration matrix. Moreover, λi (A−1 ) ∈ 1+∆t[r+(σM
)2 ] ; 1+r∆t ∈ (0, 1).

Here, σ 2 > r is a sufficient condition but if it is violated the positivity
of the solution V (S, t) is not guaranteed, some eigenvalues λi (A−1 ) may be
complex and as a result spurious oscillations or negative values of V (S, t)
could occur, see Fig. 5.3 in section 5.3.
• In the fully implicit variant scheme we discretize the reaction term
−rV in equation 5.19 by the following bivariate approximation:
n+1
n+1
V (S, t + ∆t) = a (Vj−1
+ Vj+1
) + (1 − 2a)Vjn

with discretization error O((∆S)2 , ∆t), see Fig. 5.2. Thus, we have
AVn+1

h 1

i
r2 −1
r
=
(5.29)
− r(1 − 2a) Vn , a = − 2 , ∆t < r + 2
∆t
8σ
4σ

We choose the parameter a and require ∆t restriction having in mind the
same arguments when determining the conditions 5.24 and 5.17 of the
Crank-Nicolson variant scheme. The matrix A is a M-matrix and the
1
− r (1 + 4σr 2 )] A−1 .
iteration matrix is: Aiter = [ ∆t
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The main error component is introduced by the discretization of the
term Vjn+1 and by Taylor expansion about the time level (n + 1)∆t:
n+1
n+1
n+1
n+1
a(Vj−1
+Vj+1
)+(1−2a)Vjn = a(Vj−1
+Vj+1
−2Vjn )−(Vjn+1 −Vjn )+Vjn+1

∂V
∂V
∂V
∼
− ∆t
+ Vjn+1 = Vjn+1 + ∆t (−1 + 2a)
= a 2∆t
∂t
∂t
∂t
Thus, this scheme is consistent with equation 5.19 even if essentially we
are solving the following partial differential equation:
h

∂V
1 2 2 ∂ 2V
r i ∂V
+ rS
+ σ S
− rV = 0 (5.30)
− 1 − r ∆t 1 + 2
4σ
∂t
∂S 2
∂S 2


r
2
When σ ≪ r the error term r∆t 1 + 4σ2 becomes influent and the
only constraint in 5.29 provides a poor solution. Then an accurate solution
requires the time step restriction:

1
r2 
∆t r + 2 ≪ 1 or ∆t ≪
(5.31)
r2
4σ
r + 4σ
2
For this reason, we will introduce one example of a semi-implicit scheme
which allows us to choose a more acceptable ∆t time step than 5.31 and
than that of the Crank-Nicolson variant scheme 5.21, i.e ∆t < ∆t1 in 5.27.
• In the semi-implicit scheme the reaction term −rV in equation 5.19
is discretized by the following bivariate approximation:
n
n
V (S, t) = b (Vj−1
+ Vj+1
) + (1 − 2b)Vjn+1

with discretization error O((∆S)2 , ∆t) and b arbitrary constant to be fixed
below.
In equation 5.19 the term ∂V
∂S is discretized through an explicit centered
2
difference, while the second derivative ∂∂SV2 through an implicit scheme, in
∂2V
order to be split the contribution of ∂V
∂S and ∂S 2 in two different matrices.
The stencil of involved nodes is shown on the lower part of Fig. 5.2 and
the obtained scheme is in a semi-implicit form.
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The corresponding difference equation is: P V n+1 = N V n , where
n ∆t
o
h
i
∆t
2
2
2
P = tridiag −
(σj) ; 1 + ∆t (σj) + r(1 − 2b) ; −
(σj)
2
2
o
n r
r
1
N = tridiag ∆t (−j − 2b) ; 1 ; ∆t (j − 2b) , b = − M (5.32)
2
2
2
The parameter b is chosen, having in mind the same arguments when
determining the conditions 5.24 of the Crank-Nicolson variant scheme 5.21.
Thus, P is a positive definite M-matrix, and N is a matrix with nonnegative entries. This is essential for proving the following theorem. 14
1
Theorem 5.6.1. Under the condition ∆t < rM
then the iteration matrix
P −1 N admits M real positive and distinct eigenvalues λi (P −1 N ) ∈ (0, 1).
1
, then 1 > −∆t 2r 4b, and N is a diagonal dominant
Proof: If ∆t < rM
matrix with positive diagonal entries equal to 1. Then, according to lemma
A.1.7 in appendix A, N is similar to a symmetric positive definite matrix
N spd , where for N spd is true that N spd = DN D−1 and N = D−1 N spd D.
The matrix D is a nonsingular diagonal matrix obtained by the offdiagonal entries of N as it is shown in lemma A.1.3. Then we have

P −1 N u = λ u and thus DP −1 (D−1 N spd D) u = λD u
spd
uH
u1
1 N
Setting u1 = Du ⇒ N Du1 = λ(DP D )u1 ⇒ λ = H
u1 (DP D−1 )u1
where H denotes the conjugate transpose.
The matrix DP D−1 is similar to the positive definite matrix P . Then
spd

−1

−1
H spd
uH
u1 > 0
1 (DP D )u1 > 0 , u1 N

⇒ λ > 0 ,λ ∈ R

and λ(P −1 N ) > 0 for every i. Thus, the eigenvalue problem P −1 N u = λu
admits M real and positive eigenvalues. Now we will prove that they are
distinct.
14

P is a symmetric matrix and has positive eigenvalues according to the Gerschgorin’s theorem, [99].
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Let notice that N −λP is a Jacobi matrix and according to lemma A.1.4
it has distinct eigenvalues. A detailed proof is presented in Tagliani, [79].
The main error component is introduced by the discretization of the
term −rV and by Taylor expansion about the time level n∆t:
∂V
n
n
b (Vj−1
+ Vj+1
) + (1 − 2b)Vjn+1 ∼
= Vjn+1 + ∆t (1 + M )
∂t
Thus, this scheme is consistent with equation 5.19 even if essentially we
are solving the following partial differential equation:
h
i ∂V
∂ 2V
∂V
1
− 1 − r ∆t (1 + M )
− rV = 0
+ rS
+ σ2S 2
∂t
∂S 2
∂S 2

(5.33)

When M assumes large values the error term r ∆t (1 + M ) becomes
influent and the only constraint of theorem 5.6.1 provides a poor solution.
Then an accurate solution requires the time step restriction:
∆t ≪

1
r (1 + M )

(5.34)

• We note that all of the proposed schemes are characterized by a central
difference discretization of the space derivatives in equation 5.19, see Fig.
5.2 and Fig. 5.4.
In some cases such central finite differences schemes leads to an inaccurate numerical solution with spurious wiggles, [101]. In order to be eliminated some specific numerical schemes are employed such as the implicit
upwind scheme, i.e. the fully implicit scheme where the first derivative is
approximated with an upwind difference.
This problem is interpreted as upwind schemes for the Greek Delta
∂V /∂S in the Black-Scholes equation 5.19. Unfortunately, they can excessively smear the sharp front solution. This smearing has the effect if
an enhanced diffusion coefficient, i.e. the physical diffusion is augmented
by a numerical diffusion term that vanishes as the grid step ∆S → 0, but
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artificially smears the numerical solution on any realistic spatial grid.

15

In the upwind scheme, the difference equation is: AVn+1 = Vn , where
∆t
(σj)2
2
2
A = tridiag{ −
(σj) ; 1 + ∆t [ (σj) + rj + r]; −∆t [
+ rj ]}
2
2
The upwind scheme introduces a local truncation error of the order
O(∆S) and that makes the approximation only first order accurate. Hence,
up to terms that are O(∆t, (∆S)2 ) the scheme is an approximation of the
partial differential equation:
1
∂V
∂V
∆S  ∂ 2 V
2 2
−
+ rS
+
σ S −
rS
− rV = 0
∂t
∂S
2
2
∂S 2

(5.35)

The diffusion term ∆S
2 rS artificially smears the numerical solution,
particularly if σ 2 < r. But for barrier options, when barriers assume high
values so that 21 σ 2 S 2 ≫ ∆S
2 rS, the smearing disappears. For discrete
double barrier options in [101] is presented comparison of the numerical
solution in case the centered and upwind implicit schemes are applied.

5.7

Combination Schemes for the Case σ 2 < r

In general and as we have seen in section 5.3 in case of discrete double barrier knock-out call options, if the condition σ 2 < r is violated the centered
difference scheme of the Black-Scholes equation are prone to introduce spurious oscillations that derive from an inaccurate approximation of the very
sharp gradient produced by the knock-out clause.
In section 4.6 we have presented one approach where two finite difference schemes are applied consecutively every time when discontinuity is
introduced by the knock-out clause.
15

See also the articles [80], [81]. The choice between spurious wiggles and numerical diffusion arises in
most numerical methods for convection-diffusion equations. There is the same dilemma between applying
central or upwind finite difference schemes in pricing of options with a discontinuous payoff.
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Instead of families of Padé approximants as a convergence remedy for
non-smooth payoffs in option pricing we could explore a combination of the
proposed schemes in this section, i.e. the Crank-Nicolson variant together
with the fully and semi-implicit variants or the upwind implicit scheme
when barriers assume high values, see application in section 7.
For example, let take the following combination scheme proposed in [76]
and explored in [83].
Within the strategy suggested by Rannacher [71], consisting of a combined use of different finite difference schemes in order to satisfy all the
severe requirements of the option valuation problem, we have presented an
alternative scheme to the classical fully implicit one that don’t suffer from
spurious oscillations originating from discontinuous boundary conditions.
This is due to the fact that the scheme has an iteration matrix characterized by a real and positive spectrum which allows a fast damping of
errors of any order. The proposed implicit scheme has a lower accuracy,
i.e. O(∆S 2 , ∆t), but it is positivity-preserving and satisfies the discrete
maximum principle. The scheme operates uniquely during the first few
time steps, next it is replaced by a higher order one. The latter starts
from a smooth initial condition thanks to the contribution of the used first
scheme.
Spurious oscillations arising from both discontinuous boundary conditions and forcing term in homogeneous/inhomogeneous parabolic equations are well documented in literature. Several different solutions have
been proposed. Some of them use the Rannacher smoothing trick. Here
we bound ourselves to recall the use of damping Padé schemes [59]. In
presence of nonsmooth data, the standard diagonal Padé schemes need
to have some damping device to get optimal convergence rate. The basic strategy is to use a limited number of steps of a positivity-preserving
Padé scheme at the start as a damping device followed by a diagonal Padé
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scheme. These schemes do well in approximating the exponential function
in the sense that their symbols capture the properties of positivity and
monotone convergence to zero at infinity of e−x , x ≥ 0, thus avoiding the
amplification or introduction of oscillations in high frequency components
of the error. In [59] Butterfly Spread and Digical Call options are investigated comparing undampened and smoothing Padé schemes. Nevertheless
a numerical test to compare the performances, assuming the same ∆S
and ∆t steps, of smoothing Padé schemes and the fully implicit variant
scheme is unfeasable. Indeed, the condition σ 2 ≪ r, which is crucial in
the present paper, is not considered in [59]. In [58] the authors consider
non-homogeneous parabolic equations (not directly considering the BlackScholes equation) with a discontinuous forcing term f (S, t) = f1 (S) ∗ f2 (t),
where f1 (S) is a discontinuous function and f2 (t) represents a time switch.
The re-surfacing of spurious oscillations later in time is analyzed through
a numerical Rannacher-type scheme given by a smoothing Crank-Nicolson
with backward Euler steps initially and at each switching point.
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Chapter 6
Semi-analytical Suggestions
In case of discretely monitored barrier options there are some analytical
solutions. For example, Fusai et al. have reduced the problem of one
barrier to a Wiener-Hopf integral equation and a given z-transform solution
of it, [36]. To derive a formula for continuous double barrier knock-out and
knock-in options, A. Pelsser inverts analytically the Laplace transform by
a contour integration [89]. Heynen and Kat have valuated discrete partial
barrier options, see for details [45].
In this book we explore both numerical and semi-analytical methods
in discontinuous payoff option pricing using a probabilistic approach for
pricing discretely monitored barrier options. We have mentioned in the
introduction this approach seemed to be ’tedious’, because it involves valuation of a multi-variate normal distribution function, [64].
However, this approach is explored in different forms such as the model
of Wai in [105], AitSahlia in [3], or as the quadrature method introduced
by Andricopoulos in [7] for single barrier options in 2003 and extended for
double barrier options in 2005 by Tsai in [104].
In this section we postulate the problem of discrete double barrier options as a path integral calculation in a similar manner to the quadrature
method. Thus the problem is reduced to the estimation of a multi dimen105

sional integral whose dimension corresponds to the number of the monitoring dates and limits that depend of the strike price and the barriers.
We propose a fast and accurate numerical algorithm for its valuation.
Often, a recursion of one dimensional integral is used for the valuation of
the multiple integral, i.e. the option price and Airoldi has listed three numerical approaches usually used in literature, [2]. The presented algorithm
is similar to that one where the density function is discretized at each time
step and a recursively calculated using the values at the previous steps in a
forward manner. In contrast, in the quadrature method the option price is
found backwards by integrating each node value at each barrier monitoring
date starting from the calculated values of the nodes at the maturity date,
see [7], [98].
Our results for pricing discretely monitored one and double barrier options are in good agreement with these obtained by other numerical and
analytical methods in Finance.
A desired level of accuracy is very fast achieved for values of the underlying asset close to the strike price or one of the barriers.
The method has a simple computer implementation and it permits observing the entire life of the option. The proposed algorithm differs from
the recursive numerical integration procedure of AitSahlia, [3] and the
tridiagonal probability algorithm of Wai, [105].
In the next section the model structure is discussed for a discrete double
barrier knock-out call option and we expose an analytical formula for the
option value in theorem 6.1.1.
In Section 6.2 we expose our numerical algorithm for fast and accurate
valuation of the multi dimensional integral that represents the option price
formula 6.6. We present an error estimation of our approximation in formula 6.13 and derive for discrete barrier options an identity similar to the
famous put-call parity in section 6.3.
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6.1

Model for Discrete Double Barrier Options

In principle, barrier features may be applied in continuous or discrete manner to any option and options with complex payoff are obtained. One example of barrier options with a discrete monitoring clause is the example
in definition 1.1.1:
The model: We define the model similarly to that used by Wai in [105].
Let {St , t ≥ 0} follow the stochastic differential equation
dS
= v dt + σdz
S

(6.1)

where z is a standard Wiener process, v and σ > 0 and S0 is fixed. Under the risk-neutral Black-Scholes formulation of constant risk-free interest
rate r, and constant volatility of return σ, the price process {St } of the
underlying security is defined by
St = S0 e Bt

(6.2)

where Bt is the Brownian motion with instantaneous drift µ̂ = (r −(σ 2 /2))
and standard deviation σ, respectively.
The discrete counterpart process can be defined as
fn = S0 eDn ,
S

n = 0, 1, . . . , m

(6.3)

where Dn = ξ1 + ξ2 + . . . + ξn , D0 = 0, and the ξi are independent normally
distributed random variables, i.e. N (µ̂, σ̂ 2 ), such that µ̂ = (r − (σ 2 /2)) ∆t
√
and σ̂ = σ ∆t, with ∆t = T /m for the expiration date T and m number
of the prefixed monitoring instants when the two barriers L and U are
applied.
Let denote with Ai = {Si ∈ (L, U )}, i = 1, . . . , m all the barrier events
where St is the random asset price movement at time ti , ti = i ∆t, ti ∈ B.
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We price the discrete double barrier knock-out call option by valuating
the expected payoff of the option at expiry T , and then it should be discounted to the present value at time t. The value of the discrete double
barrier knock-out call option is given by:
e

−r T

h

E max( ST − K, 0) , 1{A1 } 1{A2 } . . . 1{An }

i

(6.4)

where 1A is the standard indicator function, ST is the asset price at expiration time T , K is the strike price, the initial moment is at zero time.
Using the model (6.3), formula (6.4) has the following form:
h
i
−r T
Dm
e
E max( S0 e
− K, 0) , 1{A1 } 1{A2 } . . . 1{An } ,
(6.5)
Theorem 6.1.1. The value of double barrier knock-out call option monitored m-times is given by the value of the following m-dimensional integral:
Z ln U
Z ln U Z ln U
L
L
L
V (S, t) = e−rT
(L e x1 + x2 + ... + xm − K) ×
...
0

0

ln K
L

× f (x1 , x2 , . . . , xm ) dxm . . . dx2 dx1
where the density function f (x1 , x2 , . . . , xm ) is defined by

m
(xm −c)2 + (xm−1 −c)2 + ... + (x2 −c)2 + (x1 −cc)2
1
−
2 ∆t σ 2
√
e
σ 2π∆t
2 √
where c = (r − σ2 ) ∆t and cc = c − ln SL0 .

(6.6)

(6.7)

Proof: We use formula (6.6) in this form in order to develop our numerical algorithm for approximation this multi dimensional integral. 1
Having in mind all the indicators 1Ai in formula (6.4) we have:

1

Ai = {Si ∈ (L, U )} = {S i∆t ∈ (L, U )}

(6.8)

If cc = c in (6.7), f (x1 , x2 , . . . , xm ) is a multivariate normal probability density function of the
variables xi , but the integral limits in(6.6) would be from ln SL0 to ln SU0 . In case of a down-and-out call
option each integral has an infinite upper limit, [105].
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or equivalently, dividing by S(0) > 0 and then logarithm:
 L
 L
n S
U o n
U o
i∆t
∈ ln , ln
= Di ∈ ln , ln
ln
S0
S0
S0
S0
S0

where Di is defined as the sum of random variable ξi in (6.3). In addition
n
U o
L 
∈ 0, ln
Ai =
Di − ln
(6.9)
S0
L
2 √
Setting ξe1 = ξ1 − ln SL0 , c = (r − σ2 ) ∆t, cc = c − ln SL0 , we have that
e

S T = S i∆t = S0 e Dm = L e ξ1 +ξ2 + ξ3 + ... + ξm

 
 

U
U
e
e
and using the conditions in (6.9), i.e. ξ1 ∈ 0, ln L , ξ1 +ξ2 ∈ 0, ln L ,

 

. . . , ξe1 + ξ2 + ξ3 + . . . + ξm ∈ 0, ln UL , the problem of estimation
the expectation (6.5) is finally reduced to evaluation of formula (6.6) in
theorem 6.1.1.
Analogously, the value of discrete double barrier knock-out put option
is:
Z ln U Z ln K
Z ln U
L
L
L
Vput (S, T ) = e −r T
...
(K − L e x1 + x2 + ... + xm ) ×
0

0

0

× f (x1 , x2 , . . . , xm ) dxm . . . dx2 dx1

(6.10)

where the density function f (x1 , x2 , . . . , xm ) is defined in (6.7).
Unfortunately, for great values of m, this m-dimensional integral could
not be quickly estimated on a computer machine. Experimentally, when
m = 1, 2, 3 the integral could be estimated fast. For m = 4 the computations take a long period of time while for m ≥ 5 hardly a real machine
could manage to finish the estimations for a reasonable time.
However, the number m is the barrier observation frequency and usually
it is 25 or 125 in case the option is observed weekly or daily.
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6.2

Algorithm for Numerical Valuation

We propose a quick numerical algorithm for valuation of pricing formula
(6.6) and thus to overcome the time-obstacle that is frequently met in
computations, see [82].
The main idea of the numerical algorithm is to substitute the continuous
normally distributed random variables ξi in (6.3) with discrete ones that are
’normally distributed’ 2 and instead of m-dimensional integral to valuate m
number of finite sums. Thus, the computations are substantially quicker.
To illustrate our algorithm let turn to the beginning of our problem
(6.5). If ǫi are independent normally distributed random variables with
mean 0 and variance 1, i = 1, . . . , m, we have the system:
σ2

L < S∆t = S0 e (r− 2 ) ∆t+ǫ1 σ
2
(r− σ2 )

√
∆t

< U

2 ∆t+(ǫ1 +ǫ2 ) σ

√

∆t
< U
L < S2 ∆t = S0 e
...................................................
σ2

L < Sm ∆t = S0 e (r− 2 ) m ∆t+(ǫ1 +ǫ2 +...+ǫm ) σ

√
∆t

< U

We divide each row of this system by S0 > 0 and then logarithm. After
2
setting c = (r − σ2 ) ∆t, we obtain
√
ln SL0 < c + ǫ1 σ ∆t < ln SU0
√
ln SL0 < 2 c + (ǫ1 + ǫ2 ) σ ∆t < ln SU0
...................................................
√
ln SL0 < m c + (ǫ1 + ǫ2 + . . . + ǫm ) σ ∆t < ln SU0
2

We formally use the term normally distributed for a discrete random variable.
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h

i
+
ln , where n is an integer number3 , we have
Substracting ln

h
i


√
U
L
1
U
U
1
1
1 − 2n
− 2n ln L < c − ln S0 + 2n ln L + ǫ1 σ ∆t < ln L
h
i


√
1
U
L
1
U
U
− 2n ln L < 2 c − ln S0 + 2n ln L + (ǫ1 + ǫ2 ) σ ∆t < ln L
1−
L
S0

1
2n

U
L

. . . . . . . . . . . . . . . . . . h. . . . . . . . . . . . . . .i. . . . . . . . . . . . . . . . . . . . . . . . . . 
. . . . . .. .. . . . .
√
1
1
ln UL < m c − ln SL0 + 2n
ln UL + (ǫ1 + . . . + ǫm )σ ∆t < ln UL
1−
− 2n
h
i
L
1
U
Setting cc = c − ln S0 + 2n ln L we have

1
− 2n
1
− 2n

ln

U
L

ln

U
L

√

U
L



ln
1−

√
< cc + c + (ǫ1 + ǫ2 ) σ ∆t < ln
< cc + ǫ1 σ

∆t <





1
2n 
U
L



1−

1
2n



1
2n



1
2n



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . .. . . . . . . 
√
1
1
− 2n
ln UL < cc + (m − 1) c + (ǫ1 + . . . + ǫm ) σ ∆t < ln UL
1 − 2n

√
√
Let η1 = cc + ǫ1 σ t∆t, ηi = c + ǫi σ ∆t , i = 2, . . . , m and then
i −c
ǫ1 = ση1√−cc
, ǫi = ση√
, i = 2, . . . , m. Setting d = n1 ln UL > 0 we obtain:
∆t
∆t


d
1
− 2 < η1 < n − 2 d


1
d
− 2 < η1 + η2 < n − 2 d
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . .. . . .
− d2 < η1 + η2 + . . . + ηm <

n−

1
2

d

We estimate the following mathematical expectations E(η1 ) = cc +
√
E(ǫ1 ) σ ∆t = cc, E(ηi ) = c, i = 2, . . . , m because in our model ǫi ∈
N (0, 1), i = 1, . . . , m, i.e. each of the random variables ǫi is normally
distributed with mean 0 and variance 1.
1
By adding the term 2n
ln U
L we adjust the quadrature solution (6.6) to be approximated numerically
in n points that could be n = 100, n = 200. Respectively, one may think that the error of algorithm
depends directly on the value of this term, i.e. the more distant are the two barriers L and U the bigger is
the error. However, it should be noted that experimentally the dependence of the error and the number
of grid point is negligible.
3
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Then for the variance D of each of the random variables η1 , η2 , . . . , ηi
√
we estimate that D(ηi ) = D(ǫi ) (σ ∆t)2 = σ 2 ∆t, i = 1, . . . , m. Thus the
density function of ηi are:
pi (x) = p

1
2 πD(ηi )

e

−

(x−c)2
2 D(ηi )

=





√1
σ 2 π ∆t
√1
σ 2 π ∆t

(x−c)2

e − 2 ∆t σ2
e−

for i=2, . . . , m.

(x−cc)2
2 ∆t σ 2

for i=1.

Then we substitute the continuous random variable ηi with a discrete
one. Taking in mind the indicator 1A1 in (6.5), we are interested only of
the following probabilities:
p0 = P





−

d
2

p 1 = P (1 −

< η1 <
1
2)

d
2



d < η1 < (1 +

1
2)

d



...................................................


R (k+ 1 ) d
(x−cc)2
1
1
p k = P (k − 2 ) d < η1 < (k + 2 ) d = σ √12 π t (k− 12) d e − 2 ∆t σ2 dx
2

. . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
......
p n−1 = P (n − 1 − 12 ) d < η1 < (n − 1 + 12 ) d

Using the tabulated function erf (x) =

√2
π

Rx
0

2

e −t dt , we define

 x − cc  (k+ 12 ) d
1
√
= f (k + 1) − f (k) ,
p k = erf
(k− 12 ) d
2
σ 2 ∆t
d


1
d
2 + cc
f (k) := erf k √
− √
, k = 0, 1, . . . , n
2
σ 2 ∆t
σ 2 ∆t
Here, it should be evaluated precisely the term dd = σ √d2 t . 4
η1 =

. . . 0 d 2 d . . . (n − 1) d . . .
... p0 p1 p2 ...
p n−1
...

!

Analogously, η2 ∈ (− kd, kd), where k = −(n− 1), . . . , −1, 0, 1, . . . , n− 1
4

The Maple-code dd = evalf ( σ √d2 t , 15) estimates this term with 15 accurate signs.
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1 
1
1
qk = P (k− )d < η2 < (k+ )d = √
2
2
σ 2π∆t


Z

(k+ 21 )d

(x−c)2

e− 2∆tσ2 dx = g(k+1)−g(k)

(k− 12 )d

where like f (k) we define and estimate g(k) by the function erf (x) as
d


d
1
2 +c
, k = −n, . . . , 0, . . . , n
g(k) := erf k √ − √
2
σ 2t
σ 2t
!
. . . −(n − 1) d . . . −d 0 d 2 d . . . (n − 1) d . . .
η2 =
. . . q −(n−1)
. . . q (−1) q 0 q 1 q 2 . . . q (n−1) . . .

Here, it is important the fact that we are interested only of the values of η2
lying in the interval [−(n − 1) d, (n − 1) d] having in mind the sum η1 + η2
and the indicators 1{Ai } in formula (6.5). Thus, we use the probability:
P ( η1 + η2 = 0 , 1{A1 } 1{A2 } ) , or equivalently
P (η1 + η2 = 0, η1 ∈ {0, d, . . . , (n − 1)d}, η2 ∈ {−(n − 1)d, . . . , (n − 1)d})

For brevity, in future we will miss the indicators inside the probabilities
having in mind that at moment ti = i∆t we should consider all the indicators 1{A1 } , . . . , 1{Ai } for the sum of the random variables (η1 +· · ·+ηi−1 )+ηi .
Thus, having in mind 1{A1 } and 1{A2 } , we estimate the probabilities: 5
P
P ( η1 + η2 = 0 ) = b 0 = p 0 q 0 + . . . + p n−1 q −(n−1) = n−1
j=0 p j q −j
......................................................
P
P ( η1 + η2 = k d ) = b k = p 0 q k + + . . . + p n−1 q k−(n−1) = n−1
j=0 p j q k−j
......................................................
P
P (η1 + η2 = (n − 1) d ) = b n−1 = p 0 q n−1 + . . . + p n−1 q 0 = n−1
j=0 p j q n−1−j

Thus, we could define the following random variable η1 + η2 :
η1 + η2 =
5

. . . 0 d 2 d . . . (n − 1) d . . .
... b0 b1 b2 ...
b n−1
...

!

In case of lookback options, similar but more complex idea is used by AitSahlia, [3].
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We assume b i := p i for i = 0, 1, . . . , n − 1 and we have
. . . 0 d 2 d . . . (n − 1) d . . .
... p0 p1 p2 ...
p n−1
...

η1 + η2 :=

!

Applying the upper algorithm we find the random variable (η1 +η2 )+η3 ,
and analogously, the random variable η = η 1 + η 2 + . . . + ηm , with
!
. . . 0 d 2 d . . . (n − 1) d . . .
η :=
... p0 p1 p2 ...
p n−1
...
√

ST = ST = Sm ∆t = S0 e m c + (ǫ1 +ǫ2 +...+ǫm ) σ ∆t , and
h L
√
1
Ui
ln
+mc+(ǫ1 +ǫ2 +. . .+ǫm )σ ∆t
η = η 1 +η 2 +. . .+ηm = − ln +
S0 2n L
We have that:

Then

ST = S0 e

1
ln SL + 2n
0

ln U
L

i

1

1

U

1

U

= L e η+ 2n ln L = e j d + 2n ln L = e (j+ 2 ) d

ln UL . Thus, finally, we obtain the following value for (6.5):




n−1
n−1
X
X
( j+ 21 ) d
( j+ 12 ) d
−r T
pj max 0, L e
−K =e
−K ,
pj L e

where d =
e −r T

η+

h

1
n

j =0

where j 0 =

j =j 0



1
d

ln

K
L

+

1
2



is evaluated by the function [x].

6

Finally, the value of discrete double barrier knock-out call option is:


n−1
X
1
)
d
(
j+
−r
T
2
−K ,
(6.11)
Vb (S, t) = e
pj L e
j =j 0

Analogously, the value of discrete double barrier knock-out put option is:




j =j
n−1
0 −1
X
X
1
1
pj K − L e (j+ 2 ) d
pj max 0, K − L e (j+ 2 ) d = e −r T
e −r T
j=0

j =0

(6.12)

6

We mean [x] the biggest integer number smaller or equal to the real number x.
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Estimation of the error. If we denote the price of the discrete double barrier knock-out call option with V (S, t) given by formula (6.6) and
with Ve (S, T ) the value (6.11), obtained by using the proposed numerical
algorithm applied for n discrete points the error, could be estimated as:
1
e
V (S, T ) − V (S, T ) = O
(6.13)
n

and thus a desired level of accuracy is very fast achieved.

7

For brevity of the proof let make comparison of the option price V (S, T )
and Ve (S, T ) for two observations m = 2 in the interval [0, T ], i.e. ∆t = T /2.
Let denote x1 = x, x2 = y, D = σ 2 ∆t. Then according to theorem 6.1.1
the price of the option is:
ZZ
(x−cc)2 +(y−c)2
e −r T
x+y
2D
max(L e
− K, 0) e
V (S, T ) =
dxdy ,
(6.14)
2 πD
G
(
0 < x < ln UL
where G :
0 < x + y < ln UL
After substitution of the continuous random variable ηi with a discrete
one we have
Ve (S, T ) = e −r T

n−1
X

max(L e

(j+ 12 ) d

j=0

n−1 n−1



− K, 0) P η1 + η2 = j

1
e −r T X X
e
max(Le (j+ 2 )d −K, 0)
V (S, T ) =
2 πD j=0 i=0

Z

(i+1) dZ (j−i+ 12 ) d

id


2

e

+(y−c)
− (x−cc)2D

2

(j−i− 21 ) d

Let denote the following squares with side d = n1 ln UL by:
(
i d < x < (i + 1) d ,
i = 0, 1, . . . , n − 1
Gij =
(j − i − 12 ) d < y < (j − i + 12 ) d , j = 0, 1, . . . , n − 1



The error of the Monte Carlo simulation is O √1M , where M is the number of simulations. Such a
low rate of convergence is not quite desirable, [64].
7
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Hi0 =
(

(

i d < x < (i + 1) d , with a diagonal x + y = 0
−(i + 1) d < y < −i d

i d < x < (i + 1) d , with a diagonal x + y = n d = ln UL
Hi =
(n − i − 1) d < y < (n − i) d
Then for the following region G is true:
n−1
n−1




[
[  n−1
[
[  n−1
(6.15)
⊂G⊂
Gij ∪ Hi0 ∪ Hi
Gij \ Hi0 ∪ Hi
i=0

j=0

i=0

j=0

For clarity, let illustrate the region of approximation with the following
example. Let n = 4, i.e. the random variables are η1 and η2
!
... 0 d 2 d ... 3 d ...
η1 =
... p0 p1 p2 ... p3 ...



d
d
with the model probabilities p 0 = P − 2 < η1 < 2 , p 1 = P d2 < η1 <





3
5
5
7
3
2 d , p 2 = P 2 d < η1 < 2 d and p 3 = P 2 d < η1 < 2 d and respectively
!
. . . −3 d . . . −d 0 d 2 d . . . 3 d . . .
η2 =
. . . q −3 . . . q (−1) q 0 q 1 q 2 . . . q 3 . . .
Then Gi,j consists of all squares with side d, see Fig. 6.1. The squares Hi0
and Hi are attached respectively below and above the ends of the Gi,j , Fig.
6.1.
Let denote with V V (S, T ) the following expression
n−1 Z Z
(x−cc)2 +(y−c)2
e −r T X
2D
V V (S, T ) =
max(L e x+y − K, 0) e
dxdy
2 πD i,j=0
Gi,j

From (6.14), having in mind (6.15) we have that:
n−1 Z Z
(x−cc)2 +(y−c)2
e −r T X
x+y
2D
max(Le −K, 0)e
dxdy
V (S, T ) ≤ V V (S, T )+
0
2 πD i=0
Hi ∪Hi
n−1 Z Z
(x−cc)2 +(y−c)2
e −r T X
2D
V (S, T ) ≥ V V (S, T )−
max(Le x+y −K, 0)e
dxdy
0
2 πD i=0
Hi ∪Hi
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y
4
7/2
G
i,j 0

5/2

x+y=(j 0+1/2d)
x+y=ln(K/L)

3/2

((i+1)d,(j 0-i-1/2)d)

(id,(j 0 -i-1/2)d)

1/2
0

1

2

3

4

x

-1/2
Gi,(j -1)

x+y=(j 0 -1/2)d

0

-3/2

-5/2
n=4

(id,(j 0-i-3/2)d)

((i+1)d,(j 0-i-3/2)d)

-7/2
id

-4

(i+1)d

Figure 6.1: The area of the approximation in case of n = 4 points.

Hi0 ∩ Hi is an empty set it is not difficult to conclude that
1
U
e −r T U − K
√
(6.16)
ln = O
V (S, T ) − V V (S, T ) ≤
n
L
n
2 πD
Then we estimate:
n−1 Z Z
 (x−aa)2 +(y−a)2 
−r T X
e
e
2D
V V (S, T ) − V (S, T ) =
e
×
2 πD i,j=0
Gi,j


1
× max(L e x+y − K, 0) − max(L e (j+ 2 ) d − K, 0) dxdy

Using trivial inequalities we obtain for some positive constant C that:
1
C
e
(6.17)
V V (S, T ) − V (S, T ) ≤ = O
n
n
We sum the last two inequalities 6.16 and 6.17 and it follows that:
1
e
e
V (S, T )−V (S, T ) ≤ V (S, T )−V V (S, T ) + V V (S, T )−V (S, T ) ≤ O
n
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Asset
Price
S(0)

Integral
Analytical
Formula

Numerical
Algorithm
N = 48-points

Absolute
Numerical
Error

95
96
97
98
99
100
101
102
103
109
110
CPU

0.4990165279
0.5196744939
0.5376234826
0.5526397207
0.5645549838
0.5732586889
0.5786982302
0.5808776498
0.5798548063
0.5152625581
0.4968873990
99 sec.

0.4990149709
0.5196717300
0.5376194885
0.5526344963
0.5645485501
0.5732510891
0.5786895282
0.5808679257
0.5798441562
0.4968735911
0.4968735911
0.01 sec.

0.15570.10−5
0.27639.10−5
0.39903.10−5
0.52203.10−5
0.64295.10−5
0.75954.10−5
0.86979.10−5
0.97198.10−5
0.106459.10−4
0.137194.10−4
0.137997.10−4
–

Numerical
Algorithm
N = 180 points

Absolute
Numerical
Error

0.4990179817
0.5196759187
0.5376248685
0.5526410593
0.5645562652
0.5732599065
0.5786993783
0.5808787245
0.5798558045
0.5152631023
0.4968878756
0.2 sec.

0.14538.10−5
0.14248.10−5
0.13859.10−5
0.13386.10−5
0.12814.10−5
0.12176.10−5
0.11481.10−5
0.10747.10−5
0.9982.10−6
0.5442.10−6
0.4766.10−6
–

Table 6.1: Prices of a discrete double knock-out call option monitored quarterly. The
current price of the underlying asset is S0 , the strike price is 100, the volatility is 25% per
annum, the call option has six months remaining to maturity, the risk-free rate is 5% per
annum (compounded continuously), the lower barrier is 95, and the upper barrier is 110,
i.e. respectively the parameters are S0 , K = 100, σ = 0.25, T = 0.5, r = 0.05, L = 95,
U = 110, ∆t = T /2 = 0.25, m = 2.

It should be noted that the obtained upper error O(1/n) is a very formal
and rough error. In fact it could be proved that the absolute error between
the analytical solution V (S, T ) and the numerical approximation Ve (S, T )
is much more smaller.
Practical experiments show that a less number of points is necessary for
obtaining high order accurate results, see example in table 6.1. The last

row consists of computational times showing that the proposed numerical
algorithm is very fast. To remember that instead of m-dimensional integral
we estimate m-number of finite sums. Thus, the numerical computations
are substantially quicker. Moreover, for m ≥ 5 hardly a real computer
machine could estimate the m-dimensional integral for a reasonable time.
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It should be noted that experimentally the dependence of the error
and the number of grid point is negligible. It will be shown in the next
section that increasing the barrier observation frequency from 5 to 25 or
to 125 times the computational results are not deteriorated as it usually
happens with other numerical methods such as finite difference schemes and
trinomial trees. Accurate results till the forth decimal sign are obtained.

6.3

Put-Call Parity for Double Barrier Options

Definition 6.3.1. For double-no-touch option is paid 1 unit if the spot
price never hits one of the barriers, i.e. the option value V (S, t) is:
V (S, 0) = 1 , and V (S, t) = 0 if S = L or S = U
Thus, using the results (6.11) and (6.12), an identity similar to the
famous put-call parity could be derived trivially and it illustrates the relationship between different kind double-barrier options, i.e. the following
theorem:
Theorem 6.3.1. Let Vdoc (S, t, K), Vdop (S, t, K) and Vdnt (S, t, K) denote
the value of double-barrier knock-out call and put option, and double-notouch options with strike price K and barriers L and U. Then for all t, S
is true:
Vdoc (S, t, K) − Vdop (S, t, K) = Vdoc (S, t, L) + (L − K) Vdnt (S, t)

(6.18)

Vdoc (S, t, K) − Vdop (S, t, K) = Vdop (S, t, U ) + (K − U ) Vdnt (S, t)

(6.19)

Proof: For the left part of (6.18) from (6.11) and (6.12) we obtain:


n−1
X
1
Vdoc (S, t, K) − Vdop (S, t, K) = e −r T
pj Le( j+ 2 ) d − K
(6.20)
j =0
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We replace −K in the brackets with −L + (L − K) and re-write (6.20)
Vdoc (S, t, K)−Vdop (S, t, K) = e −r T

n−1
X
j =0

1
n

K
L



1
pj Le ( j+ 2 ) d −L +(L−K)Vdoc (S, t)

( j+ 21 ) d



( j+ 12 ) d



− L = max 0 , L e
−L
We have d = ln > 0 and then L e
is substituted in 6.20. Using the definition for Vdoc (S, t, L) relation (6.18)
is trivial.
The second relation (6.19) of theorem 6.3.1 is proved analogously using
formulas (6.11) and (6.12) where K is replaced in equation (6.20) with
U + (K − U ).
Thus, we demonstrate that our formulas for discrete double-barrier call
and put options permit obtaining alternatively the relations of theorem
6.3.1 that have been proved by using standard arbitrage arguments.

In section 7 we explore examples of discrete barrier options frequently
used in literature [36], [86], [98], [114], [120] and [122]. It should be noted
that the numerical algorithm has a simple computer implementation and
differs with its high speed of computation. This permits also observing
the entire life of the option that is a distinctive feature of the finite difference approach. The behavior of the option price helps to be analyzed the
market.
The proposed numerical algorithm could be applied to other pathdependent options.
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Chapter 7
Numerical Results
7.1

Finite Difference Results

In this section we present computational results obtained applying the
finite difference scheme proposed in section 5.5, i.e. the Crank-Nicolson
variant scheme 5.21, the implicit and semi-implicit variant schemes 5.29
and 5.32, and the implicit upwind scheme 5.35.
We have compared these schemes with the frequently used schemes in literature such as the standard fully implicit scheme 5.28, the Crank-Nicolson
scheme 5.8, the Duffy exponentially fitted scheme 4.22. In all of the cases
the cautelative value Smax is chosen to be Smax = 2K, where K is the strike
price, σ is the volatility and r is the interest rate.
In the first experiment we compare the finite difference results with
the numerical algorithm in section 6.2 when the two barriers assume high
values, i.e. L = 95, U = 110.
In the first two finite difference schemes (i.e. the Crank-Nicolson method
and the standard implicit scheme) the first derivative ∂V
∂S , i.e the Greek
Delta (the rate of change of the value of the portfolio with respect to the
changes in the underlying asset) is approximated by a central difference
while in the third and the forth by a upwind difference. All the schemes
satisfy the discrete version of the maximum principle 5.1, have spectrum
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Asset
Price
S0

Mon.
Fr.
m

Crank
Nicolson
Scheme

Standard
Implicit
Scheme

Semi-impl.
Upwind
Scheme

Implicit
Upwind
Scheme

Numerical
Algorithm
N = 200

Monte
Carlo
(st. error)

95.0
95.5

5
5

0.165630
0.173208

0.165639
0.173218

0.173203
0.181141

0.173055
0.179820

0.174503
0.182429

99.5

5

0.218163

0.218180

0.228179

0.227519

0.229356

–
0.18291
(0.00066)
0.22923
(0.00073)

100.0

5

0.221212

0.221228

0.231348

0.231232

0.232514

0.23263
(0.00036)

100.5

5

0.223568

0.223586

0.233819

0.233384

0.234978

109.5

5

0.165807

0.165817

0.173108

0.174193

0.174463

110.0
CPU

5
-

0.159056
823 sec.

0.159065
594 sec.

0.166037
90 sec.

0.166075
119 sec.

0.167398
1 sec.

0.23410
(0.00071)
0.17426
(0.00063)
–
347 sec.

Table 7.1: Prices of a discrete double knock-out call option with 5 monitoring dates. The
current price of the underlying asset is S0 , the strike price is 100, the volatility is 25% per
annum, the call option has six months remaining to maturity, the risk-free rate is 5% per
annum (compounded continuously), the lower barrier is 95, and the upper barrier is 110,
i.e. respectively, S0 , K = 100, σ = 0.25, T = 0.5, r = 0.05, L = 95, U = 110, the barrier
monitoring frequency is m.

of the iteration matrix containing uniquely positive eigenvalues and the
numerical solution is positive. Thus, the schemes have different restriction
of the time step for avoiding spurious oscillations of the numerical solution,
see section 5.
Parameters of the finite difference schemes for obtaining results in 7.1:
the Crank-Nicolson scheme ∆S = 0.2, ∆t = 0.00001; the standard implicit
scheme ∆S = 0.2, ∆t = 0.00001; the semi-implicit upwind scheme ∆S =
0.05, ∆t = 0.001, the upwind implicit scheme ∆S = 0.05, ∆t = 0.001
and cautelative value Smax = 2K = 200 for all finite difference schemes.
The last two columns contain, respectively, the results by the numerical
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Asset
Price
S0

Mon.
Fr.
m

Crank
Nicolson
Scheme

Standard
Implicit
Scheme

Semi-impl.
Upwind
Scheme

Implicit
Upwind
Scheme

Numerical
Algorithm
N = 200

Monte
Carlo
(st. error)

95.0
95.5

25
25

0.017427
0.019918

0.017432
0.019924

0.019516
0.022308

0.019481
0.021847

0.019528
0.022266

99.5

25

0.037595

0.037608

0.041881

0.041594

0.041502

–
0.022305
(0.00049)
0.041465
(0.00062)

100.0

25

0.038950

0.038963

0.043348

0.043310

0.042957

0.042736
(0.00031)

100.5

25

0.040021

0.040035

0.044514

0.044322

0.044115

109.5

25

0.018860

0.018865

0.021019

0.021394

0.021015

110.0
CPU

25
-

0.016741
900 sec.

0.016745
615 sec.

0.018650
162 sec.

0.018662
123 sec.

0.018688
9 sec.

0.043934
(0.00061)
0.020938
(0.00043)
–
403 sec.

Table 7.2: Prices of a discrete double knock-out call option with 25 monitoring dates.
The parameters σ, r, K, T and ∆S, ∆t, Smax for the finite difference schemes are the
same as those used in Table 7.1, the barriers are L = 95, U = 110 and the Monte Carlo
simulation ared done with 108 -asset paths.

algorithm in section 6.2 applied for N = 200 grid points and the results
obtained by Monte Carlo simulations for 108 asset paths.
It is difficult to be defined whether the semi-implicit or implicit upwind
scheme is more accurate. For example in table 7.7, the semi-implicit option
value 3.00312 in case of weekly monitoring of a double barrier option is
much closer to the results obtained by other numerical methods than the
implicit upwind value. However, the implicit upwind option value 2.488748
is more precise in case of daily monitoring.
• The Crank-Nicolson variant 5.21 scheme differs from the standard
Crank-Nicolson scheme 5.8 because its application does not depend of the
condition σ 2 > r. Usually for discrete double barrier options the variant
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Option Value V(S,T)

40

30

20

10

0
200
150

100
80

100

60
40

50
’Underlying asset price S0

0

20
0

Time t

Figure 7.1: The Black-Scholes surface of a discrete double barrier knock-out call option
monitored monthly (6 times) with parameters K = 100, σ = 0.2, T = 0.5, r = 0.1, L = 95,
U = 140. Prices of discrete double knock-out call option for value of the underlying asset
S0 = 100, see table 7.9.

scheme is much more accurate, see Table 7.5. Semi-implicit and implicit upwind difference scheme give better results than the Crank-Nicolson scheme
in case the barriers assume high values, see Table 7.1 and we conclude:
• The numerical solution of upwind schemes does not suffer of spurious
oscillation.
• The time step restriction for stability of upwind schemes is not so
strong as the Crank-Nicolson one and permits using more space points,
i.e 4000 and ∆S = 0.05, ∆t = 0.001.
• In this case implicit-upwind schemes are much more faster than central
implicit schemes.
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Asset
Price
S0

Mon.
Fr.
m

Crank
Nicolson
Scheme

Standard
Implicit
Scheme

Semi-impl.
Upwind
Scheme

Implicit
Upwind
Scheme

Numerical
Algorithm
N = 200

Monte
Carlo
(st. error)

95.0
95.5

125
125

0.002227
0.003062

0.002229
0.003066

0.002799
0.003874

0.002790
0.003696

0.0027003
0.003666

99.5

125

0.009468

0.009478

0.011580

0.011474

0.010894

–
0.003654
(0.00017)
0.010907
(0.00025)

100.0

125

0.009936

0.009946

0.012129

0.012115

0.011414

0.011394
(0.00015)

100.5

125

0.010304

0.010314

0.012564

0.012493

0.011826

109.5

125

0.002849

0.002852

0.003567

0.003715

0.003390

110.0
CPU

125
-

0.002151
923 sec.

0.002153
638 sec.

0.002672
173 sec.

0.002677
130 sec.

0.0025843
37 sec.

0.107776
(0.00031)
0.003403
(0.00017)
–
806 sec.

Table 7.3: Prices of a discrete double knock-out call option with 125 monitoring dates.
The other parameters σ, r, K, T and ∆S, ∆t, Smax of the finite difference schemes are
the same as those used in Table 7.1, Monte Carlo simulation with 108 -asset paths.

In the second experiment we compare the finite difference results when
the two barriers assume small values, i.e. L = 4 and U = 12. We could
make the following conclusions:
• The first order implicit variant scheme and the Duffy exponentially
fitted scheme 4.22 are much more accurate and faster than the semiimplicit central scheme, see Table 7.4.
• The Crank-Nicolson variant scheme 5.21 is second-order accurate both
in time and space and gives more accurate results than most first-order
accurate schemes, see also the example in Figure 7.2.
• It should be remembered that in case of pricing options with discontinuous payoffs, the standard second order accurate Crank-Nicolson
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0.24
0.23
0.22

Option Value (V)

0.21
0.2
0.19
0.18
0.17
0.16
0.15
95

Duffy exponentially fitted scheme
Semi−implicit upwind scheme
Crank−Nicolson variant scheme
Numerical algorithm 1000 points
100

105

110

Stock Price (S)

Figure 7.2: Prices of a discrete double barrier knock-out call option monitored 5 times
when the barriers assume high values, i.e. L = 95, U = 110 and K = 100, σ = 0.25,
r = 0.05, T = 0.5, Smax = 200.

scheme often suffers from undesired spurious oscillations, see Fig. 5.3
or gives inaccurate numerical results, see Table 7.1.

7.2

Results by Analytical and Numerical Methods

Now, we will present results applying the numerical algorithm of section
6.2 to the most explored examples in literature for discrete barrier options
that are discretely monitored daily and weekly. We have arranged the
results in such order that the distance of the two barriers is increased with
each subsequent example. This permits to observe the numerical error that
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Asset
Price
S0

Implicit
Variant
Scheme

Duffy
Implicit
Scheme

CrankNicolson
Variant

Semi-impl.
Central
Scheme

Numerical
Algorithm
N = 1000

Monte Carlo
(st. error)
108 -asset paths

4
4.005
8
9
10
11
11.99
12
CPU

1.92.10−5
1.97.10−5
0.59494
1.04554
1.24228
0.99428
0.48476
0.48354
120 sec.

1.91.10−5
1.97.10−5
0.59493
1.04556
1.24232
0.99432
0.48599
0.48355
124 sec.

1.80.10−5
1.92.10−5
0.59484
1.04372
1.23715
0.98663
0.48311
0.47825
770 sec.

3.34.10−6
3.46.10−6
0.56095
1.0828
1.36330
1.11645
0.51978
0.51834
161 sec.

1.79.10−5
2.09.10−5
0.59555
1.04628
1.24277
0.99468
0.48500
0.48495
24 sec.

–
1.9.10−5 (0.0004)
0.59556 (0.001)
1.04630 (0.0013)
1.24298 (0.0014)
0.99432 (0.0015)
0.48478 (0.0012)
–
340 sec.

Table 7.4: Prices of a discrete double barrier knock-out call option monitored 5 times
when the barriers assume small values, i.e. L = 4, U = 12. Underlying asset price S0 ,
K = 8, σ = 0.25, r = 0.05, T = 0.5.

depends on the number of the discretization points between the barriers.
Formally, there are three examples respectively when the two barriers
are L = 95 and U = 110, as it is explored in [114], when L = 95 and
U = 125 used in [86], [122], and the third case is when L = 95 and
U = 140, see [120].
We have presented the computational time of our analytical method in
order to justify its efficiency. It should be noted that the method has simple
computer implementations and permits also observation of the entire life
of the option for a reasonable time, i.e we could evaluate the option price
simultaneously for different values of the underlying asset. This property
is characterized for the finite difference approach used in [86], [101].
We have compared the results with those obtained by other numerical
methods in Finance such as the Monte Carlo simulations 1 , trinomial trees
of Cheuk-Vorst [18], the Crank-Nicolson method applied in [101], [114].
1

We have implemented of the Monte Carlo algorithm for pricing two barriers using similar code to
that of [13]. In case of one barrier we use the Internal Report done in [9].
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Initial
Asset
S0

CrankNicolson
Scheme

CrankNicolson
Variant

Duffy
Implicit
Scheme

Numerical
Algorithm
N = 200

Numerical
Algorithm
N = 1000

Monte Carlo
(st. error)
108 - asset paths

95
95.01
95.5
99.5
100
100.5
109.5
109.99
110
CPU

0.16561
0.16963
0.17324
0.21813
0.22122
0.22361
0.16583
0.15989
0.15912
770 sec.

0.17398
0.17412
0.18152
0.22902
0.23171
0.23246
0.17326
0.16719
0.16703
700 sec.

0.17315
0.17395
0.18109
0.22819
0.23137
0.23386
0.17323
0.16656
0.16616
124 sec.

0.174503
0.174501
0.182429
0.229356
0.232514
0.234978
0.174463
0.167399
0.167398
1 sec.

0.174498
0.174499
0.182428
0.229349
0.232508
0.234972
0.174462
0.167394
0.167393
39 sec.

–
0.17486 (0.00064)
0.18291 (0.00066)
0.22923 (0.00073)
0.23263 (0.00036)
0.23410 (0.00073)
0.17426 (0.00063)
0.16732 (0.00062)
–
340 sec.

Table 7.5: Prices of a discrete double knock-out call option in 5 monitoring dates. The
current price of the underlying asset is S0 , the strike price is 100, the volatility is 25%
per annum, the call option has six months remaining to maturity, the risk-free rate is
5% per annum (compounded continuously), the lower barrier is placed at 95, and the
upper barrier is imposed at 110, i.e. respectively S0 , K = 100, σ = 0.25, T = 0.5,
r = 0.05, L = 95, U = 110. Crank-Nicolson scheme and its variant both with ∆S = 0.5,
∆t = 0.00001, Duffy implicit scheme 4.22, ∆S = 0.05, ∆t = 0.001, Smax = 200.

In the second example, i.e. when L = 95 and U = 125, we have compared our results with the finite difference scheme of Zvan, [122], and the
implicit scheme applied in [86], denoted with HOBIS, where the computational domain is adjusted in advance under some probabilistic hypothesis
for the boundaries.
In the third example, i.e. L = 95, U = 140, we compare the result of
Tian-Boyle [120], and the Crank-Nicolson method and we should note that
in case the barrier are away each other the finite difference schemes are
able to give satisfactory results (see table 7.9) because the error produced
by the knock-out clause is damped out quickly, [101].
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Underlying
Asset
Price
S(0)

Numerical
Algorithm
N = 200
Daily
125

Monte Carlo
108 - asset paths
(st.error)
Daily
125

Numerical
Algorithm
N = 200
Weekly
25

Monte Carlo
108 - asset paths
(st.error)
Weekly
25

95
95.0001
100
109.9999
110
CPU

0.0027003
0.0027005
0.011414
0.00258415
0.0025843
39 sec.

–
0.002673 (0.00007)
0.011394 (0.00015)
0.002664 (0.00007)
–
hundreds

0.019528
0.019528
0.042957
0.018688
0.018688
9 sec.

0.019515 (0.00021)
0.042736 (0.00031)
0.018676 (0.00019)
–
hundred sec.

Table 7.6: Prices of a discrete double knock-out call option monitored daily (125 times)
and weekly (25 times) for different values of the underlying asset S0 and parameters
K = 100, σ = 0.25, T = 0.5, r = 0.05, L = 95, U = 110.

The quadrature method should be applied with a great care because
some numerical procedures turn out to be expensive from a computational
point of view, as the results accuracy depends directly form the number
of points composing the grid, [2]. However, experimentally, our numerical
algorithm does not suffer from this drawback because a small number of
grid points (200 or 400) are necessary to be achieved high order accurate
results. As we have mentioned in section 6.2, we adjust the quadrature
solution (6.6) to be approximated numerically in n points that could be
n = 100, n = 200. Respectively, one may think that the error of algorithm
depends directly on the value of this term, i.e. the more distant are the
two barriers L and U the bigger is the error.
However, it should be noted that experimentally the dependence of the
error and the number of grid point is negligible.
For example, in the first example, i.e. when L = 95 and U = 110, the
numerical results applied with N = 200 and N = 1000 grid points differ in
the sixth signs. The absolute error of our algorithm for N = 1000 points
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Barrier
Observ.
Dates

Semi-impl.
Upwind
Scheme

Zvan
Implicit
Scheme

Cheuk-Vorst
Trinomial
Tree

HOBIS
Imlicit
Scheme

Numerical
Algorithm
N = 400

M.Carlo
108 -paths
(st.error)

Weekly
CPU

3.00312
172 sec.

3.012
9.47 sec.

2.989
–

3.006
hundreds.

3.00601
31 sec.

3.00587
(0.0035)

Daily
CPU

2.492991
191 sec.

2.485
37.93 sec.

2.482
–

2.482
hundreds

2.48129
132 sec.

2. 48142
(0.0032)

Table 7.7: Prices of a discrete double knock-out call option monitored daily (125 times)
and weekly (25 times) for value of the underlying asset S0 = 100, K = 100, σ = 0.2,
T = 0.5, r = 0.1, L = 95, U = 125. Parameters of the semi-implicit upwind scheme
∆S = 0.05, ∆t = 0.001, the cautelative value is Smax = 2K = 200.

and the Monte Carlo simulation for 108 -asset paths is in the forth sign, see
Table 7.5. Thus, in this case it is enough to be used N = 200 points in the
algorithm. We have also presented the results of the Duffy exponentially
fitted implicit finite difference scheme 4.22.
Increasing the barrier observation frequency from 5 to 25 or 125 times
the computational results are not deteriorated as it usually happens with
other numerical methods such as finite difference schemes and trinomial
trees.
For such a great number of monitoring dates and close barriers obtaining
quickly high order accurate results for the option value is not a trivial task
for values of the underlying asset close and at the barriers [114]. The
computational time is more than satisfactory, see Table 7.6. The strength
of the present numerical algorithm is particularly demonstrated in valuation
of discretely monitored double barrier knock-out options. In the second
example, N = 400 points are enough for obtaining quickly high accurate
results, see Table 7.7-7.8.
In the third example, the distance of the barriers is significant but this
is not an obstacle for weekly and daily monitoring, see Table 7.9. This example leads to the important arguments because it shows that the present
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Barrier
Monit.
Freq.

Asset
Price
S0

Semi-impl.
Upwind
Scheme

Implicit
Upwind
Scheme

Numerical
Algorithm
N = 200

Numerical
Algorithm
N = 400

Monte Carlo
108 -paths
(st. error)

Weekly
Weekly
CPU

95.0
95.001
–

1.036731
–
172 sec.

1.033658
–
123 sec.

1.04588
1.04592
11 sec.

1.04584
1.04587
31 sec.

–
1.0457 (0.0022)
hundreds

Daily
Daily
CPU

95.0
95.001
–

0.436667
–
191 sec.

0.434199
–
134 sec.

0.444426
0.444463
46 sec.

0.444389
0.444426
132 sec.

–
0.44431 (0.0014)
hundreds

Weekly
Weekly
CPU

124.99
125.0
–

–
0.700318
172 sec.

–
0.701798
123 sec.

0.707391
0.707370
11 sec.

0.707335
0.707313
31 sec.

0.70731 (0.0019)
–
hundreds

Daily
Daily
CPU

124.99
125.0
–

–
0.278826
191 sec.

–
0.280121
134 sec.

0.284434
0.284415
46 sec.

0.284356
0.284337
132 sec.

0.28442 (0.0012)
–
hundreds

Table 7.8: Prices of a discrete double knock-out call option monitored daily (125 times)
and weekly (25 times) for value of the underlying asset close and at the barriers with
K = 100, σ = 0.2, T = 0.5, r = 0.1, L = 95, U = 125. Parameters of the semi-implicit
upwind scheme ∆S = 0.05, ∆t = 0.001 and the upwind implicit scheme ∆S = 0.05,
∆t = 0.001 and the cautelative value is Smax = 2K = 200 for both schemes.

numerical algorithm could value also a single barrier down-and-out call
option.
The numerical results are compared with the analytical formula of Fusai
in [36], i.e. solution of Winer-Hopf integral equation, with the Monte
Carlo method with 108 simulations with Mersenne twister pseudo random
generator and antithetic variables in [9].
This phenomena could be explained by the fact that most of the underlying values that have financial meaning are in the area [0, 2K] where K is
the strike price. In fact, in the finite difference approach an usual practice
is the computational domain to be truncated at the cautelative value sufficiently large such that the computed values are not appreciably affected,
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Barrier Observation
Frequency, monitoring dates

Daily
125

Weekly
25

Monthly
6

Quarterly
2

Numerical Algorithm for
N = 200 points, CPU
Numerical Algorithm for
N = 400 points, CPU

5.07474
40 sec.
5.07620
153 sec.

5.61957
9 sec.
5.61950
11 sec.

6.41134
2 sec.
6.41126
9 sec.

7.15373
0.5 sec
7.15372
2 sec.

Monte Carlo Simulation
108 -asset paths (st. error)
Tian-Boyle method
Crank-Nicolson scheme

5.07741
(0.0053)
5.0784
5.0128

5.61910
(0.0055)
5.6032
5.5634

6.41141
(0.0057)
6.4117
6.3738

7.15418
(0.0057)
7.1541
7.1362

0.0008

0.0007

0.00064

0.00046

0.0022

0.0163

0.00009

0.0038

0.0640

0.05610

0.03746

0.01752

Absolute Error of Algorithm
(N=400) with Monte Carlo
Absolute Error of Algorithm
(N=400) with Tian-Boyle
Absolute Error of Algorithm
(N=400) with Crank-Nicolson

Table 7.9: Prices of a discrete double knock-out call option monitored daily, weekly,
monthly and quarterly, for value of the underlying asset S0 = 100, K = 100, σ = 0.2,
T = 0.5, r = 0.1, L = 95, U = 140.

[101]. Similarly for the numerical algorithm we could conclude:
If the upper barrier is chosen sufficiently bigger than the strike price it is
somehow ’invisible to the numerical algorithm’. Thus, choosing the upper
barrier U such that U ≥ 2K is sufficient condition for successful application
of the present method for the valuation of a single down-and-out option,
see Table 7.10-7.11. Here, U = 2K.
This fact could be experimentally observed also using the third example
when the two barrier are L = 95 and U = 140. When the upper barrier U
takes bigger values, i.e. it is moved higher and higher, at some moment the
computational results for the value of the discrete double barrier knock-out
options would not change significantly when U is sufficiently large.
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Single
Barrier
L
89
95
97
99
89
95
97
99

Mon.
Freq.
m

Numerical
Algorithm
N = 400

Numerical
Algorithm
N = 1000

Wiener-Hopf
Equation

Wai&Tse
T Matrix
Algorithm

Monte Carlo
108 -asset paths
(st.error)

5
5
5
5
25
25
25
25

6.28098
5.67133
5.16751
4.48942
6.21126
5.08242
4.11682
2.81335

6.28079
5.67133
5.16727
4.48920
6.21016
5.08156
4.11596
2.81257

6.28076
5.67111
5.16725
4.48917
6.20995
5.08142
4.11582
2.81244

–
5.671105
5.167245
4.489172
–
5.081415
4.115815
2.812439

6.28092(0.00078)
5.67124(0.00076)
5.16739(0.00073)
4.48931(0.00070)
6.21059(0.00078)
5.08203(0.00073)
4.11621(0.00067)
2.81261(0.00057)

Table 7.10: Prices of a single barrier down-and-out call option monitored 5 times and
25 times) with a barrier L, parameters S0 = 100, K = 100, σ = 0.3, T = 0.2, r = 0.1,
U = 2K = 200.

In addition, we have compared our results with the these obtained by the
tridiagonal probability algorithm proposed by Wai in [105], see Table 7.10.
He has also used the quadrature approach but applies different numerical
procedure for approximation the value of the multi dimensional integral
that represents the value of option. It is interesting to be noted that
his formula differs from our formula (6.6) because it consists of nested
integrals that have infinite upper limits. This fact to some extent confirms
the previously discussed phenomena for the invisibility of the upper barrier
in case having large values.
Theoretically, this could be explained by observing the probability of
the barrier option to be knock-out or knock-in in some interval defined by
the barriers. The more the barriers are away each other, i.e. one case is
when the upper barrier U assumes high values, the less is the probability
the asset price to be knocked-out. Respectively, the probability the asset
price to be knocked-in is smaller, and most Monte Carlo simulations of
the asset price returns zero. This phenomen could also be observed in the
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Single
Barrier
L
95
99.5
99.9
95
99.5
99.9

Monitoring
Frequency
m
25
25
25
125
125
125

Numerical
Algorithm
N = 400
6.63229
3.33563
3.00957
6.17129
1.96381
1.51250

Numerical
Algorithm
N = 1000
6.63148
3.35553
3.00882
6.16883
1.96155
1.51045

Solution of
Wiener-Hopf
Equation
6.63156
3.35558
2.95073
6.16864
1.96130
1.51031

Monte Carlo
108 -asset paths
(st. error)
6.63204 (0.0009)
3.35584 (0.00068)
3.00918 (0.00064)
6.16879 (0.00088)
1.96142 (0.00053)
1.51050 (0.00046)

Table 7.11: Prices of a single barrier down-and-out call option monitored daily (125 times)
and weekly (25 times) when S0 = 100, K = 100, σ = 0.2, T = 0.5, r = 0.1, U = 2K = 200.

example given by Glasserman et al. who price a down-and-in call option,
see for details [11], page 1286.
We should emphasize again that the presented numerical algorithm in
section 6.2 is very sensible of this phenomena and has advantage over the
Monte Carlo simulations.
The results of the presented algorithm are very close to these of the
Monte Carlo report in [9], Table 7.10-7.11. The accuracy of the results in
Table 7.10 could be compared also by other methods such as the Numerical Recursive Integration of AitSahlia, [4], or the perturbative moment
approach of Airoldi, see [2].
We could say that in case of double barrier option the strength of our
numerical algorithm is exploring the random variables ηi , i = 1, . . . , m of
section 6.2 only in the discrete points that has probability different than
zero.
A comparison of the presented numerical algorithm with the quadrature
method that is exposed by Shea in [98] confirms the high accuracy of our
computational results, see Table 7.12, (Km is the number of approximation
steps between the barriers).
The obtained values of the proposed numerical algorithm for N = 200
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Monitoring
Frequency
m
5
5
5
CPU

Upper
Barrier
U
120
120
120

Lower
Barrier
L
95
99
99.9
-

Numerical
Algorithm
N = 200
1.68313
1.08112
0.943248
1 sec.

Numerical
Numerical
N = 400
1.68313
1.08112
0.943244
5 sec.

Quadrature
Method
Km = 200
1.6831
1.0811
0.9432
–

Abs. Err.
Quadr. &
Algorithm
0.00003
0.00002
0.000044
CPU

25
25
25
CPU

120
120
120

95
99
99.9
-

0.866788
0.293136
0.202317
8 sec.

0.866816
0.293139
0.202317
30 sec.

0.8668
0.2931
0.2023
–

0.000016
0.000039
0.000017
CPU

125
125
125
CPU

120
120
120

95
99
99.9
-

0.552783
0.104180
0.051259
35 sec.

0.553064
0.104214
0.0512725
150 sec.

0.5532
0.1042
0.0513
–

0.0000136
0.000014
0.0000275
CPU

Table 7.12: Comparison of the quadrature method and the numerical algorithm for a
discrete double knock-out call option, S0 = 100, K = 100, σ = 0.25, T = 0.5, r = 0.05,
U = 120.

and N = 400 points are generally the same to the 6-th decimal place and
in case of high monitoring frequency (m = 125) we have accurate results
at least to the 4-th decimal place for N = 200 points, see Table 7.12.
Motivation for Inventing the Numerical Algorithm for Pricing
Discrete Double Barrier Knock-out Call and Put Options
The idea for this article has arrived after a lot of Monte Carlo simulations
in case of discrete double barrier knock-out call and put options.
After observing the percentage of the total number of simulated asset
paths that have crossed one of the two barriers, it has occurred the idea for
inventing an efficient algorithm for estimating semi-analytically the option
price.
The proposed algorithms is a new computational technique that is similar to the quadrature method because the option valuation problem is
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postulated as a path integral calculation that reduces to valuation of a
multi dimensional integral whose dimension corresponds to the number of
observation dates.
It has also a similar numerical effect as two variance reduction techniques
that are usually applied for the Monte Carlo, i.e. importance sampling and
conditional Monte Carlo. In case of barrier options they are described by
Boyle et al. (1997), Journal of Economic Dynamics and Control 21 (1997),
1267-1321, i.e. reference [11] in the Bibliography.
First, the proposed algorithm resembles the importance sampling technique because it uses only some of the asset paths that are necessary for the
defining the price of described discrete double barrier knock-out options.
Second, the algorithm is similar to the conditional Monte Carlo technique because it does all integration analytically. However, in case of conditional Monte Carlo the variance is reduced by doing some part of the
integration and leaving less to be done by Monte Carlo, (see also Boyle et
al., 1997, [11]).
In the presented article we have analytically postulated the option valuation problem as a path integral and we have proposed an efficient numerical algorithm for valuation of this multi dimensional integral. Hence,
the proposed algorithm could be formally defined as semi-analytical. The
presented algorithm is very fast and works successfully both for one and
double barrier knock-out options that are monitored discretely.
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Chapter 8
Modern Methods in Finance: Radial
Basis Functions for Pricing American
Put Option under Jump Diffusion
In this chapter, we consider a partial integro-differential equation (PIDE)
problem with a free boundary, arising in an American option model when
the stock price follows a diffusion process with jump components. We use
a front-fixing transformation of the underlying asset variable to fix the free
boundary conditions and approximate the integral term by the Laguerre
polynomials. We use the Radial basis functions (RBF) method to achieve
an implicit nonlinear system of first order equations and apply the CrankNicolson scheme. We apply the Predictor-Corrector method, to deal with
the system of nonlinear equations. The proposed method is stable and the
results are in agreement with those obtained by other numerical methods
in literature.
The successful application of this modern quantitative method for pricing American options is a result of the collaboration with prof. A. Golbabai, director of the School of Mathematics in Iran University of Science
and Technology, Teheran, Iran, and his PhD student D. Ahamadian. The
presented algorithm is available also in the article ’Radial Basis Functions
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with Application to Finance: American Put Option under Jump Diffusion’,
publicated in the Journal of Mathematical and Computer Modelling, Volume 55, Issues 3-4, February 2012, Pages 1354-1362, see [75].

8.1

Distributions and Leptocurtic Properties

There is a great bulk of literature and heuristic evidence showing that the
normal distribution assumption for returns is a poor fit to data, in part
because the observed area in the tails of the distribution is much greater
than the normal distribution permits, [72]. If the probability distribution of
the stock price at any given future time is not lognormal then we underprice
or overprice call and put options, depending on the distributions’s tails,
[50]. One heuristic evidence is the behavior of underlying assets in real
options modeling such as energy prices, oil and natural gas prices. These
quantities can exhibit peaks and spikes, for example, in one case the unit
price of natural gas jumped from 30 euros to more than 1500 euros in
one day during a period of short supply, [26]. One possible remedy is
to assume an alternative distribution for the returns of the asset price
that, like the normal distribution, is infinitely divisible but that has more
area in the tails. For example, the inverse Gaussian (NIG) distribution
is a good fit to some stock and interest rate data, [72]. Another idea
to overcome the shortcomings of the inaccurate pricing of the contingent
claims is using more appropriate models such as stochastic volatility models
(Heston model) or models where the stock price may experience occasional
jumps rather than the continuous changes. As a consequence, in contrast to
the original Black-Scholes framework where for most of the option valuation
problems closed-form formulas exist or standard numerical methods could
be applied, in nonstandard financial models more complicated and precise
techniques are required. We have chosen to extend the Black-Scholes model
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[10], by exploring the jump diffusion (Poisson) model, see Merton [73] and
radial basis function for approximation of the option prices.
In Section 8.2 we discuss the original Black-Scholes model and expose
the mathematical model for pricing an American option under the jumpdiffusion process. We postulate the option valuation problem as a partial integral-differential equation that is an extension of the famous BlackScholes equation with an integral part that reflects the jumps of the asset
price. We apply a front-fixing transformation of the PDE part and give a
numerical recipe for the semi-bounded integral part.
In Section 8.3 we point out the main features of the finite difference
schemes as this is one of the most explored numerical methods in computational finance and origin of numerical techniques such as operator splitting and the predictor-corrector methods. In contrast to the Monte Carlo
method and like finite difference schemes (FDS) [99], the RBF method
treats the option valuation problem without simulating the random movement of the asset price. We make a parallel between the FDS and the
structure and application of the RBF method. We discuss the numerical
accuracy of the RBF method.
In Section 8.4 we present the approximation of the Black-Scholes equation with the exposed radial basis functions method and the option valuation problem is reduced to solving a standard non-singular square linear system. We compare the RBF method with the method of lines for
parabolic equations.
In Section 5 consists of computational results obtained by the presented
RBF method which are compared with other numerical and analytical
methods for pricing American options proposed in literature [8], [19], [24],
[74], [49] and [25].
In the conclusion, we give some final remarks for the advantages of the
presented radial basis function method and its possible applications.
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8.2

The Modified Black-Scholes Integral Equation

Usually in financial literature, as a mathematical model for the movement
of the asset price under the risk-neutral measure is considered a standard
geometric Brownian motion diffusion process with constant coefficients r
and σ:
dS/S = r dt + σ dWt
(8.1)
The contract to be priced is a discretely monitored double barrier knockout call option. If τ is the time to expiry T of the contract, i.e. τ = T − t,
0 ≤ t ≤ T , the price V (S, t) of the option satisfies the Black-Scholes partial
differential equation
∂V
∂V
1 2 2 ∂ 2V
− rV = 0
(8.2)
+ rS
+ σ S
∂t
∂S 2
∂S 2
In this section we explore a more general model for the random movement of the asset price. In order to make our analysis concrete, we concentrate our attention on a classical problem in financial literature, i.e
valuation of American put options under jump diffusion. The modified
stochastic differential equation that models jumps is:
dS/S = r dt + σ dWt + (η − 1)dq

(8.3)

where S is the underlying stock price, r - interest rate, σ - volatility, dWt
increments of the Gauss-Wiener process, dq - a Poisson process with arrival
rate (intensity) λ defined as:
(
0, with probability 1 − λdt
dq =
1, with probability λdt
and η − 1 impulse function producing a jump from S to Sη, where k =
E(η − 1) is the expected relative jump size.
In contrast to equation (8.1) in the new equation (8.3) the path followed by S is continuous most of the time while finite negative or positive
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jumps will appear at discrete points in time. As a result the Black-Scholes
equations (8.2) is modified into a partial integral-differential equation by
adding an integral part that reflects the jump diffusion structure of the
process [121]:
Z ∞
∂V
∂V
1 2 2 ∂ 2V
V (Sη, t)ρ(η)dη (8.4)
−
+(r−λk)S
= σ S
−(r+λ)V +λ
∂t
2
∂S 2
∂S
0
endowed with initial and boundary conditions:

V (S, T ) = max(K − S, 0)

(8.5)

V (S, t) → 0 as S → ∞ and V (0, t) = K

(8.6)

and with the additional condition for S
lim V (S, t) = K − b(t)

(8.7)

S→b(t)

where η shows the jump amplitude and the function ρ satisfies
Z ∞
−(ln η−µ)2
1
2
ρ(η)dη = 1, ρ(η) = √
ρ(η) ≥ 0,
e 2σJ
2 π σJ η
0

(8.8)

where µ is the mean of the lognormal jump process and b(t) is the optimal exercise boundary which should be approximated. It is known that
only the region S > b(t) has financial meaning. The financial parameters
r, σ, λ, k, K, σJ , η are constant numbers in this mathematical model. The
big letter K is the strike price of the option contract.
Obviously, if the parameter λ = 0, i.e. the parameter that characterizes
the jumps of the asset price is zero, then the new equation (8.3) is the
standard Black-Scholes equation (8.1), having in mind that τ = T − t.
After rescaling the variables:
S = K Ŝ,

PA (S, τ ) = PˆA (Ŝ, τ ),

ˆ
b(t) = K b(t)

(8.9)

and using the front-fixing method by applying the transformation y =
Ŝ
ˆ associated with the
in equation (8.4) so that the free boundary b(t)
ln
ˆ
b(t)
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optimal exercise prices is converted into a fixed boundary, [64]. Thus when
τ = T − t, and defining PˆA (Ŝ, τ ) = V (x, τ ), the problem of pricing an
American put option becomes


∂V
∂V
1 db(τ ) ∂V
1 2 ∂ 2V
−
=
−
− σ
∂τ
b(τ ) dτ ∂y
2
∂y 2
∂y


Z ∞
u
∂V
λ
V (u)ρ
du,
(8.10)
= (r − λk)
− (r + λ)V +
∂y
b(τ ) ey 0
b(τ ) ey
and finally by using (8.8), equation (8.10) reduces to:


∂V
∂V
1 db(τ ) ∂V
1 2 ∂ 2V
−
=
−
− σ
∂τ
b(τ ) dτ ∂y
2
∂y 2
∂y
Z ∞
− ln(u − µ)2
V (u)
∂V
− (r + λ)V + λ
exp(
)du, (8.11)
= (r − λk)
∂y
u
2Kb(τ ) exp(x)σJ2
0

and

V (y, 0) = max(1 − b(0) ey , 0) = 0, for 0 < y < ∞, as b(0) = 1

V (0, τ ) = 1 − b(τ ),
∂V (0, τ )
= −b(τ )
∂y
lim V (y, τ ) = 0
y→∞

(8.12)
Frequently b(τ ) is isolated from conditions (8.12) and we have
V (y, 0) = 0, for 0 < y < ∞
∂V (0, τ )
=1
V (0, τ ) −
∂y
lim V (y, τ ) = 0

(8.13)

y→∞

The key advantage of the obtained model is that equation (8.11) permits
us to apply finite difference schemes and the radial basis functions method
without using the linear complementarity problem formulation for valuation of American options.
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We also note that equation (8.11) is non-linear having the non-linear
1 db(τ ) ∂V
.
term
b(τ ) dτ ∂y
As the equation 8.11 is a partial integral-differential equation, i.e. it
consists of a PDE part and an integral part, the solution of the this problem
for valuation of American put options will be divided into two steps:
1. Approximation of the integral part of equation (8.11);
2. Implementation of the radial basis function for the PDE part;
And Duffy in [26] has propose a modified form of equation (8.4) in which
the integrand is defined on a bounded interval:
Z B
∂u
u(x + y, t) Γδ (y)dy
= Lu + λ
∂t
A
Another similar question is that the PDE part of equation (8.11) is also
defined on a semi-infinite interval [0, ∞], but this problem is easily resolved
having in mind the variable S is the underlying asset value. The S-domain
is truncated at the value Smax , sufficiently large such that computed values
are not appreciably affected by the upper boundary. As in financial practice
it is well known that S ≥ 3K, (K is the strike price), has no financial
interest, then Smax = 3K is enough to be chosen. In finite difference
practice usually Smax = 2K. Other choices for the values of Smax are
explored in [54].

8.3
8.3.1

Radial Basis Functions Approach
Comparison with the Finite Difference Method

As usual, in the finite difference approximation the S-domain is truncated
at the value Smax , sufficiently large such that computed values are not appreciably affected by the upper boundary. The computational domain
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[0, Smax ] × [0, T ] is discretized by a uniform mesh with steps ∆S, ∆t.
Therefore we obtain the nodes Sj and tn , where (Sj = j∆S, tn = n∆t),
j = 0, . . . , N , n = 0, . . . , N1 so that Smax = N ∆S, T = N1 ∆t, N and N1
are integers.
1. The choice of a specific numerical scheme is based on its property of
convergence. The requirement rests on the Lax equivalence theorem.
2. The parabolic nature of the Black-Scholes equation ensures that the
initial condition V (S, 0) = (S − K)+ 1[L,U ] (S) being square-integrable
the solution is smooth in the sense that V (·, t) ∈ C ∞ (IR+ ), ∀t ∈
(ti−1 , t−
i ], i = 1, ..., F . Thus rough initial data give rise to smooth
solutions in infinitesimal time.
As there is still no closed-form solution of equation 8.11, we will point
most of the frequently used finite difference methods in numerical analysis
that are listed in the book of Duffy [26]:
1. Explicit and implicit numerical schemes - the so called θ-method;
2. Implicit-explicit Runge-Kutta methods;
3. Operator splitting methods;
4. Predictor-Corrector methods;
We will not enter into details of the advantages and disadvantages of the
above listed numerical methods, but we would like to point out some practical problems that we would like to avoid such as conditional stability [101],
non-smooth solutions and undesired spurious oscillations [79], lower-order
of accuracy [81], unreasonable computational time [82], artificial numerical diffusion [80], errors induced by splitting [26] and the impossibility of
multi-dimensional implementation [72].
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8.3.2

Advantages of Radial Basis Functions Approach

We listed in the introduction the following three main advantages of the
radial basis functions (RBF) method that could be observed from the structure and the way of the application of this approach:
1. The RBF is an extremely flexible interpolation method because it does
not depend on the locations of the approximation nodes and applies
immediately for scattered data. Thus, unlike finite difference schemes,
application and proving convergence do not differ in case of uniform
and non-uniform grids. Often the RBF method is referred to meshless
methods [97].
2. The RBF generalization in any number of dimensions is immediate
and analogous to the one-dimensional case. Thus pricing multi-asset
option problems is significantly simplified and does not seem too arduous task as it is generally concerned with computational finance [65],
[90].
3. The RBF method depends on the shape parameter as explained in
section 8.4 and shown in section 8.5, and by adjusting it, we can get
a higher accuracy [39].
In the previous subsection 8.3.1 we have described the main features
of the finite difference schemes (FDS). Let us expose the main idea of the
RBF method in order to make a parallel with the FDS, see [15], [34]. Let us
at each data location xj , j = 1, . . . , N , for example, place a translate of the
function φ(k x k) =k x k3 , i.e. at xj the function φ(k x−xj k) =k x−xj k3 ,
where with k x k is denoted the standard Euclidean norm. Since we only
deal with the one dimensional case, i.e. one asset option, we can simplify
φ(k x k) = (k x k3 ) to φ(|x|) = (|x|3 ). We then try, if it is possible, to form
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a linear combination of all these functions
N
X
s(x) =
λj φ(|x − xj |)

(8.14)

j=1

such that s(x) takes the desired function values fi at the data locations xj ,
j = 1, . . . , N . This means s(xj ) = fj to be fulfilled or equivalently λj to
satisfy the following linear system of equations


 

f1
λ1
φ(|x1 − x1 |) φ(|x1 − x2 |) . . . φ(|x1 − xN |)


 

 f2 
 φ(|x2 − x1 |) φ(|x2 − x2 |) . . . φ(|x2 − xN |)   λ2 

  = 

.. 
.. 
..
..




.
.
 . 
 . 

φ(|xN − x1 |) φ(|xN − x2 |) . . . φ(|xN − xN |)

λN

fN

(8.15)
Assuming that this system is non-singular, it can be solved for the coefficients λi . Then the interpolant s(x) given by (8.14) will become a cubic
function between the nodes, and at the nodes, have a jump in the third
derivative. In fact, this is another way to be created an interpolating cubic
spline. Unlike finite difference method [99], we have obtained a full linear
system rather than a tridiagonal one.
In d dimensions, we use the rotated version of the same radial function
and we could write them as φ(||x − xj ||), where || · || denotes the standard
Euclidean norm. The problem of s(x) in (8.14) has hardly changed from
P
the one dimensional case to s(x) = M
j=1 λj φ(||x − xj ||) as well as the
problem (8.15) inserting φ(||x − xj ||) instead of φ(|x − xj |). In particular,
we note that the algebraic complexity of the interpolation problem has not
increased with the number of dimensions. We will always end up with a
square symmetric system of the same size as the number of data points.
Cubic splines have thus been generalized to be applied also to scattered
data in any number of dimensions [34].
For different types of radial basis functions with their corresponding
names and respectively, the properties of each type could be found in [15].
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For our concrete problem (8.11), as in the finite difference method, the
computational domain [0, ymax ] × [0, T ] is discretized by a uniform mesh
with steps ∆y, ∆τ . Therefore, we obtain the nodes yj and τn , where
(yj = j∆y, τn = n∆τ ), j = 0, . . . , N , n = 0, . . . , N1 so that ymax = N ∆y,
T = N1 ∆τ , N and N1 are integer numbers.
The radial basis function approximation of the options price V (y, τn ) at
the time level τn
V (y, τn ) =

N
X
j=0

λj (τn ) φ(|y − yj |)

(8.16)

where N denotes the total number of collocation points (data locations)
and λj (τ ) are the unknown parameters.
Having in mind, that after finite difference discretization of the BlackScholes equation we obtain a finite difference equation [99]:
HV (y, τn + ∆t) = GV (y, τn )
where H and G are square matrix. The last finite difference equation is
frequetly written in the following short form:
H V n+1 = G V n , n = 0, . . . , N1

(8.17)

Substituting (8.16) into (8.17), we obtain the equations for n = 0, . . . , N1 :
N
X
j=0

λj (τn+1 )Hφ(|y − yj |) =

N
X
j=0

λj (τn )Gφ(|y − yj |)

(8.18)

Holding the above equation for the collocation points yj , yj = j∆y, it is
equivalent to the full linear square system for finding the unknown parameters λj (τn+1 ), j = 0, . . . , N , when τn is fixed:
Ax = b,

A = [N + 1, N + 1]

where A = [Hφ(|y − yj |], x = {λj (τn+1 )}N
j=0 , b = λj (τn )Gφ(|y − yj |).
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The coefficient matrix A and the vector Gφ(|y − yj |) can be calculated
analytically. The parameter λj (τn ) is determined from the numerical result
at the previous time-step τn −∆τ , i.e. τn−1 or (n−1)∆τ . Therefore equation
(8.19) is solved for λ0 (τn+1 ), λ1 (τn+1 ), ...,λN (τn+1 ), i.e. x = {λj (τn+1 )}N
j=0 .
Equation (8.19) is solved iteratively from the expiration date T to the
date of purchase t = 0. In the present case, as we have inverted the time
t by the transformation τ = T − t, this means from τ = 0 to τ = T or for
n = 0, . . . , N . For n = 0, at the inial time level τ0 , the initial values λj (0),
j = 0, . . . , N , are determined from the strike condition V (y, 0) in (8.13) on
the expiration date T , i.e. τ0 = 0, after the transformation τ = T − t. 1
In option pricing [65], [97], [90], [40], usually φ is chosen to be:
1. Multi-quadric radial basis function (MQ-RBF):
q
φ(y, yj ) := φ(|y − yj |) = c2 + |y − yj |2

2. Inverse (reciprocal) multi-quadric radial basis function (IMQ-RBF):
1
φ(y, yj ) := φ(|y − yj |) = p
c2 + |y − yj |2

where yj is the asset price at the collocation point j for approximation the
asset price V (y, yj ). The parameter c is the support radius of the radial
basis function φ(|y, yj |), also known as a shape parameter [15].
To explain the main idea of radial basis functions approximation we
have used the formulation of Goto et. al. [40], i.e. the governing BlackScholes equation is discretized according to a finite difference scheme, (e.g.
the Crank-Nicolson scheme) on the time interval [0, T ] and the option price
V (y, τ ) is approximated with a radial basis function φ(y, yj ) with unknown
parameters λj (τn ) at each time step n∆τ .
1

In the original Black-Scholes equation (8.4), the strike condition at the final (expiration date) time
T is V (S, T ) = max(S − K, 0) for a call options and V (S, T ) = max(K − S, 0) for a put options as it is
the present case, see (8.5). Then, the parameters λj (0) at the date of purchase are evaluated according
to the backward algorithm from the expiration date T to the date of purchase t = 0, see for details [40].
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8.4

Discretization by Radial Basis Functions

Let us first make a summary of our efficient and accurate numerical scheme
for pricing American options under the jump diffusion process. We have
used a front fixing transformation to reach a partial-intefral differential
equation (PIDE) problem with a fixed boundary. In this section we will
do the following procedures to develop an efficient and accurate numerical
scheme for pricing American options:
1. We will interpolate the integral term by the Laguerre polynomials.
2. We use the radial basis functions (RBF) as a flexible interpolation
method and we achieve a system of nonlinear equations.
3. To overcome the nonlinearity of the system, we apply the CranckNicholson and the Predictor-Corrector methods as well to reach stable
and correct results.
4. In the next section of numerical results we compare our results with
other numerical schemes to show the validity of the presented algorithm of radial basis functions.
We take the general form of the RBF method as represented in (8.16) for
the problem (8.11), by considering φ(u) as the multi quadratic polynomials:
p
φ(u) = u2 + c2
(8.20)

where c is the shape parameter which we can by adjust to come close to
the exact solution as explained in 8.3.2.
If L is a linear partial differential operator, B is the Dirichlet boundary
operator and Ω is a bounded region in Rn with boundary ∂Ω, we seek the
option price V (S, t) ∈ C(Ω) satisfying
(
LV = A(V, Vx , Vxx )
in Ω,
(8.21)
B(V, Vx ) = 0
on ∂Ω.
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where A and B are the functions of option price and its first and second
derivatives with respect to x.
Now by approximating V (S, t) by its interpolating function Ve (S, t) in
(8.21) we have :
(
fx , Vf
LVe = A(Ve , V
in Ω,
xx )
(8.22)
fx ) = 0
B(Ve , V
on ∂Ω.

To determine the unknown coefficients λj (t), j = 1, 2, ..., N , we can use the
collocation method. For simplicity, we use centers as collocation points and
we get :

e
e f f

1 ≤ i ≤ NΩ ,
 LV (xi ) = A(V , Vx , Vxx )(xi ),
(8.23)


fx )(xi ) = 0,
B(Ve , V
NΩ + 1 ≤ i ≤ N.

where NΩ is the number of interior collocation points, N is the total number
of collocation points and V is defined by (8.16).
First we approximate the integral term by the Laguerre polynomials
with the weight function of ex and using (8.16):
Z ∞
− ln(u − µ)2
V (u)
exp(
)du
u
2Kb(τ ) exp(x)σJ2
0
Z ∞
N
X
φ(u − uj )
− ln(u − µ)2
=
λj (τ )
exp(
2 )du
u
2Kb(τ
)
exp(x)σ
0
J
j=0
=

N
X
j=0

λj (τ )(

N2
X
k=0

φ(rk − uj )
ln(u − µ)2
wk
exp(
+ rk ))
rk
2K b(τ ) exp(x)σJ2

(8.24)

where rk and wk , k = 1(1)N2 , are the roots and weights of the Laguerre
polynomials respectively, by getting N2 = 15 fixed.
By taking x = xj and t = tj , j = 1(1)N , we set the left hand of (8.24)
as the following matrix:
[G(b(τ ))]i,j =

N2
X
k=0

− ln(u − µ)2
φ(rk − uj )
exp(
+ rk ),
wk
rk
2Kb(τ ) exp(xi )σJ2
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And more to circumvent the nonlinearity of the PDE part of equation
(8.11), we deal with it by the predictor-corrector schemes:
Predictor:
V (xj , τi+1 ) − V (xj , τi ) b(τi+1 ) − b(τi )
=
Vx (xj , τi )
h1
h1 b(τi )



1
1 2
σ Vxx (xj , τi+1 ) + (r − λκ − σ 2 )Vx (xj , τi+1 ) − (r + λ)V (xj , τi+1 )
2
2


1 2
1 2
+ σ Vxx (xj , τi ) + (r − λκ − σ )Vx (xj , τi ) − (r − λ)V (xj , τi ) +
2
2

1
N1
+ G1 (b(τi ))λ(τi+1 ) + G2 (b(τi+1 ))λ(τi+1 ) + q, i = 1(1)N1 , h1 =
(8.26)
2
T
where


 
λ1 (τi )
1


 
 λ1 (τi ) 
0

 
λ(τi ) = 
,
q
=
(8.27)
 ... 
 ... 


 
1
+
2

λ1 (τi )

0

N ×1

N ×1

and

b(τi ) = 1 − V (0, τi )

(8.28)

is written based on (8.12), as well we setting G = G1 and G = G2 in (8.26)
as the coefficients of λ(τi ) and λ(τi+1 ) respectively which is represented in
the last term of (8.26).
Subsequently, we construct the corrector scheme:

V µ+1 (xi , τj+1 ) − V (xi , τj ) 1 bµ+1 (τj+1 ) − b(τj ) 
µ
=
Vx (xj , τj ) + Vx (xi , τj+1 )
h1
2
h1 b(τj )
1
1
µ
+( σ 2 Vxx
(xi , τj+1 ) + (r − λκ − σ 2 )Vxµ (xi , τj+1 ) − (r + λ)V µ (xi , τj+1 ))+
2
2
+G2 (b(τj+1 ))λ(τj+1 )) + q, µ = 1(1)M
(8.29)

for a fixed number M i.e.(V M +1 (xi , tj ) ≃ V (xi , tj )).
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By setting
V (ui , τj ) =

∞
X
j=0

λj (τj )φ(ui − uj )

in relation (8.26) and (8.29), we reach to the system of nonlinear equations
of the form:
B1 λ(tj+1 ) = A(B1 λ(tj+1 ), B2 λ(tj+1 ), B3 λ(tj+1 ), C1 λ(tj ), C2 λ(tj ), C3 λ(tj ))
where
b1,ij =

b2,ij =

b3,ij =



 φij



Bφij



 Lφij



Bφij


2

 L φij



c1,ij

c2,ij

c3,ij

,

1 ≤ i ≤ NΩ ,

1 ≤ j ≤ N,

,

NΩ + 1 ≤ i ≤ N,

,

1 ≤ i ≤ NΩ ,

1 ≤ j ≤ N,

1 ≤ j ≤ N,

,

NΩ + 1 ≤ i ≤ N,

,

1 ≤ i ≤ NΩ ,
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(8.31)

1 ≤ j ≤ N,

1 ≤ j ≤ N,

Bφij ,
NΩ + 1 ≤ i ≤ N, 1 ≤ j ≤ N,

1 ≤ i ≤ NΩ , 1 ≤ j ≤ N,

 φij ,
=


0 ,
NΩ + 1 ≤ i ≤ N, 1 ≤ j ≤ N,

1 ≤ i ≤ NΩ , 1 ≤ j ≤ N,

 Lφij ,
=


0 ,
NΩ + 1 ≤ i ≤ N, 1 ≤ j ≤ N,

2

1 ≤ i ≤ NΩ , 1 ≤ j ≤ N,
 L φij ,
=


0 ,
NΩ + 1 ≤ i ≤ N, 1 ≤ j ≤ N,

where φij = φ(k xi − xj k).

(8.30)

(8.32)

(8.33)

(8.34)

(8.35)
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By achieving the option price V (xi , τj+1 ) at each time τj+1 , we should
update it as follows to avoid arbitrage opportunities:


V (xi , τj ) = max V (xi , τj ), 1 − b(τj ) exp(xi ) .
(8.36)

8.5

Numerical Results

The presented procedure of radial basis functions in this section has a simple computer implementation similar to the approach of finite difference
schemes, but in contrast to them it is much faster [90] where the RBF
method turns out to be 20-40 times faster in one and two space dimensions
and has approximately the same memory requirements compared with an
adaptive finite difference method. This is confirmed by the numerical results in Table 8.2 of our experiment in Table 8.1 as in [25], we note also the
small number of time steps and size S-grid of the RBF method. We observe
a very fast convergence of the RBF method and we obtain a third-order
accuracy with only 40 timestpes and 15 space nodes.
In this section we present radial basis function method results exploring
the numerical examples for pricing American put options in [25]. We show
the error convergence in Fig. 8.1-8.3 according to the the variation of
the shape parameter, time and stock mesh size when one of these three
variables is fixed considering the parameters in Table 1 for all experiments.
We obtain the value of the American put option prices for three different
stock prices at S0 = 90, 100, 110 and compute the error value for each
of them. For comparison, we use the reference values in [25] that are
respectively 10.003822 at S0 = 90, 3.241251 at S0 = 100 and 1.419803 at
S0 = 110. We see from Table 8.2, that our results are in agreement till the
4-th to 6-th decimal point.
We point in Fig. 8.1 the optimal values of the shape parameter c when
the solution error reaches its minimal value. We would like to note that the
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Underlying asset price and jump diffusion parameter values
Asset Price Parameters

Fix Contract Parameters

Jump Parameters

Volatility
σ

Interest Rate
r

Maturity
T

Strike Price
K

Jump Volatility
σJ

Mean
µ

Jumps
λ

0.15

0.05

0.25

100

0.45

-0.90

0.1

Jumps intensity parameter λ = 0.1
Table 8.1: Data for pricing American options under the lognormal jump diffusion process.
Number
of time
steps
40
50
60
70
80

Size
space
S-grid
15
20
25
30
35

Initial underlying asset values
S0 = 90
S0 = 100
S0 = 110
Value
Error
Value
Error
Value
Error
10.007723 3 × 10−3
3.23832 2 × 10−3 1.424355 4 × 10−3
10.003251 5 × 10−4 3.239984 1 × 10−3 1.410948 8 × 10−3
10.003547 3 × 10−4 3.2406385 6 × 10−4 1.4198438 4 × 10−5
10.003968 1 × 10−4 3.2402608 9 × 10−4 1.4200659 2 × 10−4
10.0038211 1 × 10−6 3.2413965 1 × 10−4 1.418803 3 × 10−4

Table 8.2: American put option values with a Predictor-Corrector scheme.

curve of S0 = 100 in Fig. 8.1 increases when the stock mesh size increases
from 15 to 20, although the other curves gradually decrease according to
the increase of the stock mesh size. We would like to explain why this
curve of S0 = 100 turns out to be different from the others, i.e. it is not
decreasing as stock mesh size increases. To explain this ’phenomenon’ of
’non decreasing’ S0 = 100, it is important to explain how Fig. 8.1 has
been drawn. As the number of timesteps is fixed in Fig. 8.1 and it remains
three diffenrent parameters, i.e. the underlying asset price S0 , the stock
mesh size (number of space steps in the S-grid shown in Table 8.2) and
the optimal shape parameter c, we apply the following procedure to define
the optimal shape parameter c:

154

CHAPTER 8. MODERN METHODS IN FINANCE: RADIAL BASIS FUNCTIONS
FOR PRICING AMERICAN PUT OPTION UNDER JUMP DIFFUSION

1. First, we choose a fixed underlying asset value S0 ;
(a) Then, we fix the value of the stock mesh size, for example j = 15
as in Table 8.2;
i. We apply the MQ RBF method for different values c1 , c2 ,
. . . cn of the parameter c;
ii. Among the c1 , c2 , . . . cn , we choose this value c, when the
numerical error is minimal. This explains the sense of the
’optimal’ value of the shape parameter coptimal ;
iii. Then, we point the value coptimal on Fig. 8.1;
(b) We fix a subsequent value of the stock mesh size j, for example
j = 20 as in Table 8.2 and we follow the same procedure (i)-(iii)
of the previous point (a);
2. For a different value of the underlying valued S0 we follow the same
procedure (a)-(b) of point 1.
So, the structure of the procedure described above explains that we choose
the optimal value coptimal of the shape parameter c for a fixed value of the
space parameters j so that the numerical error is minimal and Fig. 8.1
illustrates only this value coptimal . We note that the numerical error defines
the optimal value coptimal in the procedure (ii) of (a), and thus the values of
c do not depend proportionally on the size of the stock mesh. An anologous
example is the red curve S0 = 90 on Fig. 8.1, i.e. the values of c in the
region from j = 25 to j = 30. We see in Fig. 8.1 that the values of the
shape parameter c do not decrease for the increasing values of the stock
mesh size from j = 25 to j = 30.
To the authors knowledge there is no evidence in literature that the
shape parameter c depends proportionally on the size of the grid, i.e. the
shape parameter c could be expressed as a deterministic function c(n, j)
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0.32

0.3

0.28

shape parameter

0.26

0.24

S0=90
0.22

S =100
0

S =110
0

0.2

0.18

0.16

15

20

25

30

35

40

stock mesh size

Figure 8.1: The variation of shape parameter with respect to the stock mesh size by fixing
the time mesh size (N1 = 40). The values of the shape parameter c are generated by a
selecting procedure so that the numerical error is minimal.

where n and j are the number of time and space steps, respectively. It
is sure that the curves for S0 should gradually decrease according to the
increase of the stock mesh size but when the shape parameter c is fixed,
i.e. there is convergence of the numerical solution. And in Fig. 8.2 and
Fig.8.3 we demonstrate also that the solution error decreases by increasing
independently the time and stock mesh size.
The problem of making a suitable choice of a proper RBF method is
general and often difficult to be done in a determinant way. There is often a
doubt whether the multiquadratic (MQ) or inverse multiquadratic (IMQ),
as well as the quadratic or inverse quadratic radial basis functions should
be used and usually these couples are both applied [97], [40].
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0
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65
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Figure 8.2: The variation of the error with respect to the variation of time mesh size by
fixing the stock mesh size (N = 15).

One of the reasons is that the application of different kinds of radial basis
functions methods depends on the shape parameter c, i.e. for example, it
happens for some values of c the MQ RBF method gives higher order
accurate results than those obtained by the IMQ RBF method, but these
accurate numerical results could be obtained by the IMQ RBF method
for a different shape parameter c, [40]. And, in a lot of cases it is only
experimentally defined which type of the RBF methods is preferable.
We have compared both the MQ and IMQ RFB methods at the same
conditions, i.e. for the same values of the shape parameter c shown in Fig.
8.1. We apply the IMQ RBF for S0 = 90 and we reach an agreement of
the numerical results till the 3-rd and 4-th decimal point, while from Table
8.2 we observe that the MQ RBF results are in agreement till the 4-th to
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Figure 8.3: The variation of the error with respect to the variation of stock mesh size by
fixing the time mesh size (N1 = 40).

6-th decimal point. Thus, in the case S0 = 90, for the IMQ RBF method
we have obtained a lower accuracy than that obtained by the MQ RBF
method applied. In the other two cases, S0 = 100 and S0 = 110, the IMQ
RBF method do not match well with the exact solution in Table 8.2, i.e.
with the reference values in [25], but accurate values could be obtained
for a different value of the shape parameter c. (As this process requires an
analogous implementation code and trivial calculations as presented figures
and tables for the MQ RBF method we leave this task to the reader.) As
the results of the IMQ RBF method for S0 = 100 and S0 = 110 using the
values of the shape parameter c in Fig. 8.1 are not only inaccurate and
but also have no practical sense in option pricing (the error is about one
unit) we omit their presentation.
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The computational time of both IMQ and MQ RBF methods is relatively the same as the implementation code is slightly changed (and as a
result we do not observe substantial influence on the CPU time for both
of the RBF methods). Most articles in literature describe and confirm the
validity of the RBF method for pricing European, barrier and Asian options of single asset in the original Black-Scholes framework or under the so
called pure lognormal process [65], [90], [40]. In case of pricing the classical
American put options under jump diffusion process we have demonstrated
high accuracy and computational speed efficiency of the presented RBF algorithm. In some cases the advantage of the RBF method is demonstrated
even over fundamental heuristic methods used in computational Finance
[50] such as the traditional binomial trees [119].

8.6

Discussion and Conclusions

In this chapter we have explored jump diffusion option pricing models
where the stock price may experience occasional jumps rather than only
continuous changes. Such models capture the important leptokurtic features of the market better than the standard Black-Scholes model and in
contrast to stochastic volatility models are not too complicated so that
practical algorithms such as the presented radial basis functions method
are easy to implement. The radial basis functions turns out to be an extremely flexible interpolation method avoiding most of the frequently met
problems in computational finance such as the unstable or slow convergent
numerical solutions, multi-asset valuation, complexity of computer implementation, unreasonable time and memory requirements. We have priced
numerically the American put option and obtain highly accurate results
that are in good agreement with those obtained by other numerical and
analytical methods in literature.
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The radial basis functions method is applied to standard European options as well as to path-dependent options in [65], [97], [90], [40]. This
modern approach for option pricing could be considered as a very competitive and challenging method compared to the traditional numerical
methods in Finance, i.e. the Monte Carlo simulation, binomial trees and
finite difference schemes.
All the above listed advantages of the radial basis functions method
are good motivation this method to be applied as a modern quantitative
method in option pricing, see [40], [49], [65], [90], [97], [119]. One of the
contributions in this chapter is that we do not apply the radial basis functions to the original Black-Scholes equation [40], [49] or its transformation
to a heat equation [65], [119], but explore the option valuation problem in
the framework of the jump diffusion models of Merton [73] and Kou [61].
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Chapter 9
Conclusions
In this book we have described and numerically valuated options that have
discontinuous payoffs. Mainly, we have explored numerical approaches for
pricing double barrier options that are monitored discretely utilizing the
Black-Scholes model.
We have examined various types of finite difference schemes applied to
the Black-Scholes equation that has non-smooth or discontinuous boundary
conditions in case of discrete double barrier options. We have proved that
most frequently used schemes in computational finance such as the CrankNicolson one are inaccurate in case of discontinuous payoffs because could
not satisfy all the financial requirements of the option contract.
One of the main drawbacks of standard finite difference schemes such
as the Crank-Nicolson one is unwanted spurious oscillations of the numerical solution that derive from an inaccurate approximation of the very
sharp gradient produced by the knock-out clause, generating an error that
is damped out very slowly.
We have demonstrated that the Crank-Nicolson scheme could work successfully in case of discontinuous payoffs if some extra sufficient conditions
are imposed such as the discrete version of the maximum principle, the
spectrum of the iteration matrix contains uniquely positive eigenvalues and
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the numerical solution is positive. For this aim usually the iteration matrix
should be of special type such as M-matrix. However, all this requirements
lead to a prohibitively small time step and the finite difference scheme and
is time consuming. Thus, a high accurate scheme is not necessarily the
best one.
The choice of an accurate finite difference scheme depends strongly on
the values of the parameters involved in the respective Black-Scholes equation for the option. Numerical instabilities often occur if the condition
σ 2 > r is violated showing that small values of the volatility parameter is
a serious obstacle in option pricing using finite difference schemes because
the corresponding iteration matrix is not a M-matrix.
In case of discrete double barriers options an important factor is the
mutual distance of the two barriers because usually more close are the
barriers more slowly is obtained convergence of the finite difference solution
in the supremum norm that is most relevant in Finance. Another condition
is whether the two barriers assume small or big values.
Of course, usually the option price is more difficult valuated for values
of the underlying asset price that are close or at barriers or the strike
price. We could say that there is not a universal finite difference scheme
for pricing discrete double barrier options.
The choice of the scheme depends on the parameters of the option contract and mainly on the properties of the respective payoff function such as
smoothness and continuity.
However, we managed to propose variants of the well-known CrankNicolson scheme, implicit and semi-implicit schemes that satisfy all the
financial requirements of the option contract such as positivity and do not
suffer of undesired spurious oscillations.
For valuation of discrete double barrier options in the present book we
have included an extended research of numerous remedies for achieving fast
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convergence of the finite difference solution in the supremum norm.
In the book we have explored both numerical and semi-analytical approaches using a model structure for discrete double barrier knock-out
options that includes m-number independent normally distributed random
variables where m is the number of the monitoring dates. We have presented an analytical formula for the option value which represents a mdimensional integral definite integral with limits including the two barriers
and the strike price and propose a fast and accurate algorithm for its valuation.
For frequently explored examples of discrete barrier options in literature
we have done experiments and presented numerous computational results
that are in good agreement when are compared with those obtained by
other numerical and analytical methods.
The presented numerical algorithm differs with a simple computer implementation and by extending a little our analysis the numerical algorithm
could also be applied to different kind of exotic options with complex payoffs such as Asian and lookback options.
The proposed numerical algorithm for valuation of discrete double barrier options turns out to be very efficient in accuracy and speed and this
makes it a quite competitive method for pricing such options. On the other
hand, the possibility of observation the entire life of the option price remains a great advantage of the finite difference schemes although sometimes
for numerous grid points the computation is a time-consuming process. 1
Unfortunately, for most path-dependent options there exist no explicit
pricing formulas and the need for inventing finite difference scheme has
never disappeared. However, in this book we have demonstrated that in
1

The computations and presented times are done on Pentium IV, Core Duo, 1.8 MHz system, 1 mb
RAM, using Maple 6 for implementation of the proposed algorithm. In this book we have used Matlab
code to generate figures and programs of the finite difference schemes. Most of the program code is done
following the books of [13], [46], [47] and [48].
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discontinuous option pricing the application of the finite difference schemes
should carefully be done.
In the present book we have explored pricing of discrete barrier options
that become more and more popular because of lower costs than their plain
vanilla counterparts. We have briefly described different kinds of barrier
options and their importance in Finance. Our financial analysis and the
respective mathematical formulation give the possibility to be invented efficient computational methods for valuation of path-dependent derivatives
that have not only a simpler computer implementation but also differ with
minimum memory requirements and extreme short computational times.
A detailed classification of different kinds of continuous and discrete barrier
options could also be found in [77].
Nowadays, the trading of options on financial markets is continuously
expanding due to the increasing need of hedging and speculating - two of
the basic functions of options. Thus, the classification of options is required
and it should be done not by their historical origin on the markets but
also according to their payoff properties. Another reason confirming the
importance of barrier options and the necessity of their classification is the
cheaper price than the respective call and put options. In addition, the
classification of barrier options contributes to the financial engineering of
path-dependent option and frequently they are known as exotics.
A probable future work is valuation of Asian and lookback options.
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9.1

Discrete and Continuous Monitoring: Discussion

In this section we present one of the reviewers’ report on the article ’Numerical Valuation of Discrete Double Barrier Options’, Journal of Computational and Applied Mathematics, vol. 233 (10), (2010), p. 2468-2480, see
reference [82] in the Bibliography. We believe that the review of this article
helps for the better understanding of the presented numerical algorithm in
Chapter 6 of this book as well as its scientific contribution. We discuss is
the difference of the barrier option value in the two cases of discrete and
continuous monitoring.
Numerical Valuation of Discrete Double Barrier Options
Referee Report, August 19, 2008
The mathematical problem has been stated clearly, and its solution is presented in a clear way. The paper is trying to take a step forward from
what has been done numerically in the literature so far. However, a more
accurate and more extensive interpretation of the results, especially with
respect to the methodologies mentioned other than the quadrature method,
might help in drawing the path for further research. Although, Li [68] handles the continuous case, m = 125 case should not be very far from the
continuous case. A comparison with his methodology might be useful, too.
Dear Reviewers,
We agree with most of the proposed corrections but we have not mentioned a comparison with other methodologies that include continuous monitoring of barrier options because the prices of options in case of discrete
monitoring differ substancially from their counterparts with continuous
monitoring even when m takes big values such as m = 125 or m = 250. In
support of our position we would like to:
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(1) quote Kwok et al. (1998, p. 266, section 6.1.7 ’Discrete
monitoring of the barriers’), [64]:
• ’We enjoy the simplicity of analysis when the barrier is monitored continuously, but in financial markets, practitioners necessarily have to specify a
discrete monitoring frequency.’
• ’Kat and Verdonk (1995) showed that the price differences between discrete and continuous barrier options can be quite substancial, even under
daily monitoring of the barrier.’ (This is the case when m = 125 and the
expiry period is a half year.)
• ’From financial intuition, we would expect that discrete monitoring would
lower the cost of knock-in options but raise the cost of knock-out options,
compared to their counterparts with continuous monitoring.’
(2) make a demonstration. We quote Kwok et al. (1998), [64].
’Fortunately, Broadie et al. (1997) managed to deduce an approximation
formula for dicrete monitored barrier options, which involves only a simple
continuity correction to the continuous barrier option formulas. Let δt
denote the uniform time interval between monitoring instants and there
are m monitoring instants prior to expiration. The precise statement of
their analytical approximation formula is given below.
Correction formula for discretely moniotored barrier options
Let V (B; m) be the price of a discretely monitored knock-in or knock-out
down call or up put with barrier B. Let V (B) be the price of the corresponding continuously monitored barrier option. We have
V (B; m) = V (B e

±βσ

 .√
1

√

δt

 1 
) + o √
,
m

where β = −ξ 2
2π ≈ 0.5826, ξ is the Riemann zeta function, σ is
the volatility. The sign ”+” is chosen when B > S, while the ”-” sign is
chosen when B < S.
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Method
of A. Li
see [68]
Continuous
Monitoring
0.57523

0.57523

CrankNicolson
Scheme
∆S = 0.2
∆t = 0.0001

Duffy
Implicit
Scheme
∆S = 0.05
∆t = 0.001

Numerical
Algorithm
for
N = 1000
points

Monitoring frequency m = 125
0.8728
0.9032
0.8982
16.7 sec.
22.6 sec.
3.2 sec.
Monitoring frequency m = 250
0.7736
0.8062
0.7966
16.8 sec.
22.6 sec.
6.3 sec.

Crude
Monte Carlo
Simulation (st. error)
applied for
108 -asset paths
0.8979 (0.0022)
77.05 sec.
0.7988 (0.0021)
112.95 sec.

S0 = 95, K = 100, σ = 0.25, T = 1, r = 0.1, L = 90, U = 130, Smax = 200.
Table 9.1: Comparison of prices of continuously and discretely monitored double barrier
knock-out call options.

One observes that the corrections shift the barrier away from the current
√
underlying asset price by a factor of e ± β σ δt . The intensive numerical
experiments performed by Broadi et al. (1997) reveal the remarkable good
accuracy of the above approximation formula.’
(3) numerical results in for the continuous and disrete case.
We have quoted the results of Li et al. (1998), [68], and presented in
Table 9.1 numerical results applying our algorithm proposed in the paper
Numerical Valuation of Discrete Double Barrier Options for N = 1000
points. In addition are presented results of alternative methods 2 .
In this case we see that the discrete monitoring ’raise the cost of
knock-out options, compared to their counterparts with continuous monitoring.’ as we have formerly quoted Kwok.

2

The presented example is that presented by Li et al. (1998), [68]: ’Assume the underlying stock price
at time zero is 95. The annualized volatility, risk-free interest rate and dividend yield are respectively
25%, 10%, and 0%. Let consider a double knock-out call with flat barriers and with the strike price of
100, the expiry of 1 year. The lower barrier is set at 90 and the upper barrier at 130.’

167

9.1. DISCRETE AND CONTINUOUS MONITORING: DISCUSSION

This is the end of the review report and the corresponding answer to the
Journal. We would like also to quote one paragraph of the article ’Highorder accurate implicit methods for barrier option pricing’, see reference
[86] in the Bibliography.
’For instance, let Cb and Db denote the values of a given barrier option
under continuous monitoring and under discrete monitoring, respectively,
and let V a denote the value of the corresponding vanilla option with the
same parameter set. Then in the absence of rebates we must have
Cb ≤ Db ≤ V a

(9.1)

and the generally very slow convergence of a discretely monitored barrier
option can be verified using the inequalities in (9.1), given that the absolute
error in the computation of Db is at most the difference (V a−Cb), and this
yields a better estimate of Db, the smaller (V a − Cb) is. This simple, but
yet important observation about the range of Db does not seem to have
been made quite often in earlier papers discussing discrete monitoring of
barrier options. Relation (9.1) is no longer true when the option pays a
rebate, and many such examples appear in the table 8. The table 8 also
confirms that no matter what the options’ monitoring frequency, dividend
payments tend to drag down the call option value.’
One of the contribution of the presented numerical in Chapter 6 and
publicated in Journal of Computational and Applied Mathematics [82] after the presented discussion is that its structure shows clearly the big difference in the price of discrete and continuous barrier options. This algorithm
explains the phenomenon ’if the upper barrier is chosen sufficiently bigger
than the strike price it is somehow ’invisible to the numerical algorithm’,
see page 2478 in [82]. This phenonomen is theoretically explored by J.
C. Ndogmo [85] by his classification of barrier options using the concept
of ’classification of critical asset prices’ and considering the following two
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complementary problems, for a given accuracy3 θ(V ) of option prices:
• Problem 1: Find the minimum value SL of S0 which ensures that the
stock price will not breach the lower curve before time T ;
• Problem 2: Find the maximum value SU of S0 which ensures that the
stock price will not breach the upper curve before time T .
where S0 is the initial price of the underlying asset, K is the strike price,
T is the expiry date, L and U are respectively the lower and upper barrier,
SL and SU are random asset paths, starting from S0 . We remember that
when St follows a geometric Brownian motion, a sample asset path St
is generated for a given S0 = S(0) by formula (2.7), in Section 2.2.2 of
Chapter 2, see also the program AssetP aths.m and f unctionSP aths =
AssetP aths(S0, mu, sigma, T, N Steps, N Repl) in Appendix B.
Ndogmo postulates and proves four theorems for ’degeneration of barrier
options’ into single or plain vanilla options using the following definition:
Definition 1. We say a curve S = g(t) is worthless with respect to the
stock price movement over a given time interval and for a given accuracy
θ(V (S, t)) in stock prices if, with probability 1, the path followed by St
will not breach the curve (either from above or from below) over that time
interval.
Let v be a variable symbol that may take on the value U to mean ’upper’
or L to mean ’lower’. Let Ev be the event that the v barrier is breached
before the other barrier by time T , and let Rv be the corresponding rebate
paid at the expiry date of the option. If we denote the risk-free interest rate
by r, by P r the probability operator, and by E the risk neutral expectation
operator, then the price V (S, t) of the double knock-out option is given by
h
−rT
e E Ru P r(Eu)+Rl P r(El)+(1−P r(Eu )−P r(El ))P r(ST > K)(ST −K)]
3

It is denoted by θ(V ) the accuracy in a given option price V (S, t), where θ(V (S, t)) is of the form
θ(V (S, t)) = 10−n and n is the number of significant digits to the right of the decimal point in V (S, t).
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Monitoring times
Barrier
Monitoring times
frequency (m)
Option Prices
frequency (m)
Semi-annual (m = 1)
8.09740
One and half month (m = 7)
Four months (m = 2)
5.98798
Monthly (m = 11)
Quarterly (m = 3)
4.92350
Half-month (m = 23)
Two-months (m = 5)
3.85595
Weekly (m = 51)
Continuous monitoring, barrier option price: 1.32184

Barrier
Option Prices
3.31723
2.77071
2.19231
1.83589

Table 9.2: Two-asset single barrier options with discrete and continuous monitoring.

The statement that the prices of discrete and continuous double barrier
options differ substancially is also confirmed by the quadrature method 4 .
The numerical experiments verify inequality (9.1) not only when m takes
big values such as m = 125 or m = 250, i.e. weekly and daily monitoring,
but also when m extremely big values such as 106 . We note the equality of
(9.1) is possible when the two barriers are not close each other and have
no effect on the price of the option, i.e. the barrier option degenerates into
a plain vanialla option and the monitoring is an irrelevant factor.
In Tab. 9.2 we have presented the numerical results of Wang and Hsiao
[115], [116], for the valuation of a two-asset single barrier options with
discrete and continuous monitoring, respectively5 . In this case we have
no rebates, i.e. RxU = 0, RyU = 0, the price of the two-asset single barrier
options is decreasing with the increasing of the number of monitoring dates
m and as expectedly, the price of the continuously monitored barrier option
is the lowest in the Tab. 9.2, i.e. we see that relation (9.1) is valid.

4

The quadrature method is introduced by Andricopoulos [7] for single barrier options in 2003 and
extended for double barrier options in 2005 in [104], see also analysis of the quadrature method in [37].
5
The option parameters are S1 = 45.6, S2 = 42.6, Kx = 45.6, Ky = 42.6, BxU = 68.4, ByU = 63.9,
σx = 0.4106, σy = 0.4742, ρ = 0.3778, r = 0.0154, T = 1 year, where ρ is the correlation between the two
underlying assets’ prices, Sx , Sy are the first and the second underlying (current) asset price, respectively,
and the corresponding parameters of the first and second assets are: Sx and Sy - the strike prices, σx
and σy - volatilities, BxU and ByU - upper barrier levels, RxU and RyU - rebate payments.
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9.2

Modern Quantitative Methods: Discussion

In the past decade of the new era of modern and powerful computers
with multi-processors and big memory possibilities, general practitioners
and financial analysts prefer using modern softwares for pricing financial
derivatives. Thus the need of inventing and implementing new numerical
methods for computer simulation of asset prices is continuously increasing.
Examples of such methods depending significantly on the possibilities of
the computer processor are the most frequently used numerical methods
in Quantitative Finance, i.e. the Monte Carlo simulation, binomial and
trinomial trees, and finite difference schemes [50]. Thus the main tasks in
Quantitative Finance such as the option valuation problem, i.e. to compute a fair value for the option, requires the appearance and development
of new scientific areas and often referred to contemporary postgraduate
disciplines such as Financial Engineering and Quantitative methods. Of
course, this process should be based on a strong mathematical postulation [10], [50], [64] and theorems proved in pure mathematical disciplines
such as the Numerical Analysis and Numerical Methods. For example,
preserving the discrete maximum principle by the Black-Scholes numerical solution is demanded from the parabolic character of this equation. It
is well-known that the Black-Scholes equation could be transformed to a
heat equation that describes a physical process. Thus, the numerical solution should not increase with the increasing of the time parameter, i.e.
practically the physical interpretation of the discrete maximum principle
5.1, see definition 5.2.1 in Chapter 5. Another example is the Monte Carlo
methods and its modifications with pseudo-random number. The structure
and accuracy of this generic and heuristic method for simulation of asset
prices is determined by basic principles explored in the field of Probability and Statistics such as the Central Limit Theorem, confidence intervals,
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control variates, importance sampling, ect. As a third example, it could
be pointed the application of positivity-preserving finite difference schemes
that preserves the numerical solution positive as it is required by the financial meaning of the postulated problem, i.e. the numerical solution is
actually the premium of the option [83].
The main part of contemporary achievements in the above mentioned
scientific areas consists of creating efficient numerical methods for valuation
of European or American vanilla options, i.e. the classical problems in
Finance, respectively, pricing call and put options that have the possibility
but not the obligation to be exercised only at the expiry or at any moment
prior to the maturity, following a winning strategy for gaining a maximum
payoff [60], [64], [70], see definition for finding an essential supremum.
Nowadays, it is possible more than gathering, storing, sorting and analyzing data, i.e. a statistical treatment of indexes and derivative prices
on the stock exchange such as Dow Jones and S&P , and subsequently
estimating the mean, variance and the tails of the observed probability
distribution but also to be determined which are more realistic option
pricing models such as those of Merton [73] and Kou [61]. In such models
the stock price may experience occasional jumps rather than the continuous changes. Another idea to overcome the shortcomings of the inaccurate
pricing of the contingent claims is using more appropriate models such as
stochastic volatility models (Heston model).
However, most of the stochastic volatility models are either too complicated to obtain practical algorithms that are easy to implement and
provide comparable results or too simplistic and cannot capture the important leptokurtic features of the market [62]. Jump-diffusion models on
the other hand are easier to implement, better in capturing the market’s
phenomena and are comparative to stochastic volatility models in terms of
pricing accuracy [35].
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Appendix A
M-matrices
The necessity of studying M-matrices has emerged from the numerous
application of matrices with such structure in numerical analysis. It turns
out that such kind of matrices have a variety of useful properties that makes
them a valuable tool in Biomatematics and Finance. For example, the
nonnegativity of the inverse of a M-matrix, because most models describing
real life and financial markets utilize nonnegative variables.
Another advantage of M-matrices is their application when solving parabolic
partial differential equations such as the Black-Scholes one. We have seen
that the need of new or modified finite differences schemes could be supplied using M-matrices because the stability of traditional finite differences
schemes fails in cases of PDE with non-smooth boundary conditions.
A confirmation of our words is the book of Samuli Ikonen [51]. He shows
that this class of M-matrices is often a sufficient condition to be obtained
a numerical solution that does not oscillate.
All these arguments encourage us to present an appendix devoted on
the classification and main properties of M-matrice. A lot of information
for M-matrices is proposed by Windish in [118], Varga in [108]. A short
review for M-matrices is presented in [91], [110].
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A.1

Tridiagonal Real Matrix. Jacobi Matrix

Tridiagonal matrices are frequently used in numerical methods when partial
differential equations of parabolic or elliptic type are solved using finite
difference methods.
For example, the following square matrix A of order n in discretization
the heat equation:


a b



c a b



A = tridiag{ c, a, b } = 
.
.
.




c a b

c a
where b and c are both real and have the same sign and a is real or complex.

Lemma A.1.1. The eigenvalues of the tridiagonal square matrix A have
the following explicit formula
r
 sπ 
c
λs = a + 2 b
cos
,
s = 1, 2, . . . , n
(A.1)
b
n+1

Lemma A.1.2. To the eigenvalues A.1 of the matrix A are associated
eigenvectors that have the following explicit formula s = 1, 2, . . . , n
 2s π 
 c n/2  ns π o
n c 1/2  s π  c
sin
sin
, sin
,...,
(A.2)
vs =
b
n+1
b
n+1
b
n+1
One application when the off-diagonal elements c and b of the matrix
A are equal has been demonstrated in chapter 6 when the Crank-Nicolson
scheme has been used for discretization the Black-Scholes equation.
There are different ways for proving formulas A.1 and A.2 such as direct
demonstration presented by Smith in [99], or using a similar matrix to A.
The importance of this example is that the matrix A under additional
requirements for the elements could have special properties such as being
a matrix that has positive inverse matrix.
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Now, we will examine the properties of the matrix A but as taking in
mind a more common class of tridiagonal matrix Jacobi matrix 1
Definition A.1.1. Tridiagonal real square matrix with off-diagonal elements that have the same sign is called a Jacobi matrix.
The Jacobi matrix of order n has the following type.

a1 b1

 c2 a2 b2

A = tridiag{ ci , ai , bi } = 
...


cn−1 an−1 bn−1

cn
an

where ci bi−1 > 0, for i = 2, 3, . . . , n.

2










Lemma A.1.3. For every Jacobi matrix A there exists a nonsingular diagonal matrix D = diag(d1 , . . . , dn ) such that DAD−1 is a Jacobi symmetric
e = DAD−1 , then A is similar to A
e and A = D−1 AD.
e
matrix. Thus, if A

In particular, if A = tridiag{ ci , ai , bi } the necessary and sufficient
e = DAD−1
conditions for the elements di of the matrix D are: A
di 2 = di−1 2

bi−1
,
ci

i = 2, 3, . . . , n

where d1 could be arbitrary real value. If we assign a real value to d1 , then
d2 , d3 , . . . , dn are determined. Thus, D is a completely determined matrix.
e = DAD−1 = tridiag{−√bi−1 ci , ai , −√bi−1 ci }.
For example, if d = 1 then A

The matrix A and the real symmetric DAD−1 are similar so they have
the same spectrum of eigenvalues. Hence, the eigenvalues of A are real
because the eigenvalues of real symmetric matrix are real.
1

The term Jacobi matrix unfortunately has more than one meaning in the literature. Here, we mean
a symmetric tridiagonal matrix with special properties, see appendix A and [110], section 19.
2
The structure of a Jacobi matrix shows it is an irreducible matrix, see section A.2.2.
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Moreover, using the lemmas A.1 and A.2 for the matrix DAD−1 , additionally we could say that all eigenvalues of A are simple, i.e. different. To
the distinct eigenvalues are associated eigenvectors that form an orthogonal
system of vectors. We could formulate the following lemma:
Lemma A.1.4. All eigenvalues of a Jacobi matrix are real and distinct.
This property is important when using a Jacobi matrix as a iterative
matrix because often standard finite difference schemes have matrices with
complex eigenvalues. However, a Jacobi matrix has the limiting condition
ci bi−1 > 0, for i = 2, . . . , n that often leads to constraint of the mesh steps.
Using the two lemmas A.1.3 and A.1.4 follows the following lemma:
Lemma A.1.5. Let A be a Jacobi matrix with all positive eigenvalues.
Then A is similar to a symmetric positive definite matrix Aspd , where for
Aspd is true that Aspd = DAD−1 and A = D−1 Aspd D.
Examples for Jacobi matrices having only positive eigenvalues are those
of them being a nonsingular M-matrices. 3 Thus, we have the lemma:
Lemma A.1.6. Let A be Jacobi matrix that is a nonsingular M-matrix.
Then A is similar to a symmetric positive definite matrix Aspd , where for
Aspd is true that Aspd = DAD−1 and A = D−1 Aspd D.
However, a Jacobi matrix being a M-matrix is a too restrictive condition.
Example for a matrix having only positive eigenvalues is the following one:
Lemma A.1.7. Let A be a Jacobi matrix that is diagonally dominant and
has positive diagonal elements. Then A is similar to a symmetric positive
definite matrix Aspd , where Aspd = DAD−1 and A = D−1 Aspd D.
3

M-matrices will be presented in the next sections. Necessary and sufficient conditions a Jacobi matrix
to be a nonsingular M-matrix are given in lemma A.4.2 of the last section A.4.
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To clarify lemmas A.1.3-A.1.6 let give one example of a Jacobi matrix:


a1 −b1


 −c2 a2 −b2




A = tridiag{ −ci , ai , −bi } = 
.
.
.




−cn−1 an−1 −bn−1 

−cn
an

where ci > 0, bi−1 > 0, for i = 2, 3, . . . , n. Obviously ci bi−1 > 0, .

Choosing d1 = 1 in lemma A.1.3, from di 2 = di−1 2 bi−1
ci , i = 2, 3, . . . , n
we determine the matrix D = diag(d1 , . . . , dn ).
e = DAD−1 , then A
e = DAD−1 = tridiag{ −√bi−1 ci , ai , −√bi−1 ci },
If A
e and
i = 1, 2, . . . , n, (b0 and bn are not included in A)


√
a1
− b1 c2
√

 √

a2
− b2 c3
 − b1 c2


e=

A
.
.
.


√
√


− bn−2 cn−1
an−1
− bn−1 cn 

√
an
− bn−1 cn

e is a symmetric matrix.
where it is obvious that A
Now, considering that this Jacobi matrix A is diagonally dominant with
positive diagonal elements using the Gerschgorin’s theorem or Brauer’s
theorem, [99], it follows that it has only positive eigenvalues.
e
Thus, applying lemma A.1.5 follows the last lemma A.1.7, Aspd = A.
The sign of the off-diagonal elements of the matrix A does not influence.
Remark A.1.1. The elements of the matrix D = diag(d1 , . . . , dn ) in the
lemma A.1.3 could be written using the following formula:
 b . . . b  12
1
i−1
for i = 2, 3, . . . , n
d1 = 1, di =
ci . . . ci−1
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A.2

Definition and Structure of M-matrices

Let all matrices of our next presentation be real, i.e. the matrices have
only real entries.
We will present the most frequently used in practice definitions for Mmatrices, [91].
Definition A.2.1. A matrix A = (aij ) is called an M-matrix if aij ≤ 0
whenever i 6= j and all principal minors of A are positive.
Definition A.2.2. (Fan) A matrix A = (aij ) with nonpositive off-diagonal
elements is an M-matrix if and only if A is nonsingular and A−1 is nonnegative.
Definition A.2.3. Any matrix A of the form A = s I − B, with s > 0
and B ≥ 0 for which s > S(B), where S(B) is the spectral radius of the
nonnegative matrix B, is called an M-matrix.
If s = S(B), then the matrix A is defined as a singular M-matrix.
Remark A.2.1. Obviously in the last definition aij ≤ 0. For s > S(B),
any M-matrix is a monotone matrix, but conversely is not true. The
monotone matrix A is a matrix for which detA 6= 0 and A−1 ≥ 0,
The upper three definitions for M-matrices are equivalent for the nonsingular case detA 6= 0. And thus two main approaches have emerged to
determine one matrix as a M-matrix.
First approach: If N denotes the class of nonsingular nonnegative matrices, determine those matrices A in N for which A−1 is an M-matrix.
Second approach: Among the class Ln×n of matrices A = (aij ) satisfying
aii > 0 for each i and aij ≤ 0 whenever i 6= j, determine those for which
A−1 ≥ 0. Moreover, the following theorem is true, [88]:
Theorem A.2.1. Any nonsingular M-matrix A = (aij ) and its inverse
A−1 = (b
aij ) have all positive diagonal entries.
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Proof: From the identity AA−1 = I, it follows that:
X
aik b
aki = 1, ∀ i ∈ N.
k ∈N

By aij ≤ 0, i 6= j, and A−1 ≥ 0, we have:
X
aii b
aii = 1 −
aik b
aki = 1 ≥ 1
k 6=i

Thus, b
aii > 0 instead of b
aii ≥ 0, and additionally aii > 0, ∀ i ∈ N .
A.2.1

Nonnegative Matrices

Nonnegative matrices are matrices with all elements nonnegative that is
denoted A ≥ 0 or aij ≥ 0 for all i = 1, . . . , m, j = 1, . . . , n.
Such matrices are important in applying numerical methods in computational finance.
For example, in option pricing models using finite difference approach
nonnegative iteration matrices are preferred in order to be preserved the
positivity of the solution.
Theorem A.2.2. Let A ≥ 0 . Then the spectral radius S(A) is an eigenvalue of A with at least one vector x ≥ 0. S(A) is also called the PerronFrobenius eigenvalue of A.
Theorem A.2.3. (Perron): Let A > 0, then S(A) is a simple eigenvalue
of A, and all other eigenvalues are less than S(A) in modulus. Moreover,
an eigenvector associated with S(A) may be taken to be positive.
Theorem A.2.4. (Perron-Frobenius): Let A ≥ 0 be an irreducible 4 matrix. Then S(A) is a simple eigenvalue of A, and an eigenvector associated
with S(A) may be taken to be positive. Moreover, if A has at least one
row with all nonzero elements, then any other eigenvalue λ of A satisfies
|λ| < S(A).
4

Definition for an irreducible matrix is presented in section A.2.2.
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A.2.2

Irreducible Matrices

For a tridiagonal matrix irrecibility is a necessary property to be a Mmatrix. We will show that Jacobi matrices are irreducible.
Definition A.2.4. An n × n matrix A is reducible if exist a permutation
matrix P such that:
#
"
A
A
11
12
A = P AP T =
0 A22
where A11 and A22 are square submatrices.
One matrix is irreducible if it is not reducible.
Clearly, any matrix all of whose elements are nonzero is irreducible.
In particular, positive matrices are irreducible. On the other hand, any
matrix that has a zero row or column is reducible. In order to present
criteria for irreducible matrices we need preliminary definitions for graphs:
Let A be square matrix of order n with aij elements. The directed graph
of the matrix A is obtained by connecting n points P1 , P2 , . . . , Pn on the
real line (or in the plane) by a directed link from Pi to Pj if aij 6= 0.
A directed graph is strongly connected if for any two points Pi and Pj ,
there is a directed path from Pi to Pj .
Theorem A.2.5. A square matrix is irreducible if and only if the directed
graph of it is strongly connected.
Thus, the structure of a Jacobi matrix shows it is an irreducible matrix.
Theorem A.2.6. ([41]): If the matrix A is a nonnegative and irreducible
matrix, then (I + A) n−1 > 0. If additionally all diagonal entries of A are
positive, then A n−1 is a positive matrix.
Theorem A.2.1 shows a Jacobi matrix being a M-matrices should be
with positive diagonal elements, however, not a positive matrix because
M-matrix are characterized with nonpositive off-diagonal elements.
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A.3

Classification of M-matrices

The structure of M-matrices determines its classification to include the
following two more general classes of matrices, [118]:
• Z n×n = {A = (aij ) : aij ≤ 0 whenever i 6= j}
• L n×n = {A = (aij ) : aij ≤ 0 whenever i 6= j and aii > 0}
Obviously, L n×n ⊂ Z n×n . No matter which of the three the definitions
A.2.1-A.2.3 for M-matrices is considered, the class of M-matrices is a subset
of Z n×n -matrices. From theorem A.2.1 follows that the class of nonsingular
M-matrices is a subset of L n×n -matrices.
In remark A.2.1 we have that any nonsingular M-matrices is a monotone
matrix, i.e. {M-matrices}⊂{Monotone matrix}. In the book of Varga [108]
is presented the following theorem for a monotone matrix to be a M-matrix.
Theorem A.3.1. An n × n matrix A is monotone (Collatz, 1952) if for
any vector r, Ar ≥ 0 implies r ≥ 0. If the off-diagonal entries of A are
nonpositive then A is monotone if and only if A is an M-matrix.
This explains the relation of the nonpositive off-diagonal elements and
M-matrices. Hence, in some cases 5 , emerges the diagonal dominance as a
necessary property for M-matrix.
Thus, in other words, the intersection of the classes of Z n×n - matrices
and monotone matrices gives the class of M-matrices or formally described
using sets we could write Z n×n ∩{Monotone matrix}={M-matrices}. This
remark is an additional correction to the classification of M-matrices on
Fig. A.1.
5

For example, a tridiagonal matrix with positive diagonal elements and negative off-diagonal elements.
If the matrix is strictly or irreducibly diagonally dominant then it is a nonsingular M-matrix has a positive
inverse matrix. If one of the off-diagonal elements is zero, then this usually leads to a reducible matrix
and a singular M-matrix, that is not an interesting case. In numerical methods such as finite differences
schemes nonsingular M-matrices are more preferable.
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Figure A.1: Classification of M-matrices.

Definition A.3.1. A symmetric nonsingular M-matrices is called a Stieltjes matrix. A nonsingular M-matrices A = s I − B is a Stieltjes matrix
if and only of B = B T . Any Stieltjes matrix is positive definite.
Theorem A.3.2. A symmetric matrix A ∈ Z n×n is a Stieltjes matrix if
and only if A is positive definite.
We will present several conditions for a matrix of the class Ln×n -matrices
to be a nonsingular M-matrix, [91].
• A matrix A ∈ Ln×n is a nonsingular M-matrix if and only if the real
parts of all eigenvalues of A are positive.
• Let A be a L-matrix which is strongly row or column diagonally
dominant. Then A is a nonsingular M-matrix .
• Let A be an irreducible L-matrix which is weakly row or column
diagonally dominant. Then A is a nonsingular M-matrix.
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A.4

Jacobi and M-matrices. Inverse of a M-matrix

We assume that all matrices A = (aij ) are real and square of order N . We
should noted that besides definitions for strictly or irreducible diagonally
dominant matrices, Windish, [118], presents the following interesting result
for the inverse of such matrices, i.e. A−1 :
Lemma A.4.1. If the matrix A = (aij ) be a strongly row diagonally domP
inant matrix, i.e. qi = |aii | − j6=i |aij | > 0, ∀i ∈ N , then ||A−1 ||∞ ≤
1
max .
i∈N qi
The bound for ||A−1 ||∞ is strict. Equality holds, for instance, for all
strongly diagonally dominant diagonal matrices 6 A = diag(a11 , . . . , ann ).
Theorem A.4.1. An irreducible tridiagonal matrix A ∈ Ln×n is a nonsingular (singular) M-matrix if and only if the smallest eigenvalue of A is
positive (zero).
Theorem A.4.2. Let A ∈ Ln×n be a tridiagonal matrix. Then A is a
non-singular M-matrix with positive inverse matrix A−1 if and only if A is
strictly or irreducibly diagonally dominant.
Thus, the relation of Jacobi and M-matrices, follows from the next
lemma that is a consequence of A.4.1 and A.4.2.
Lemma A.4.2. A Jacobi matrix A ∈ Ln×n is a nonsingular M-matrix if
the smallest eigenvalue of A is positive or if A is strictly (or irreducibly)
diagonally dominant matrix.
In Numerical Analysis and Physics more frequently is used the following
consequence of lemma A.4.2:
6

The matrix A = (aij ) is called strictly (strongly) diagonally dominant if qi > 0, ∀i ∈ N and weakly
diagonally dominant if for at least one i, qi > 0. A = (aij ) is irreducibly diagonally dominant if it is
irreducible and weakly diagonally dominant.
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Lemma A.4.3. If A is a Jacobi matrix that satisfies the conditions of
lemma A.4.2, then the inverse matrix A−1 is a positive matrix.
Precise bounds of supremum norms similar to those in lemma A.4.1 are
given for the inverse of monotone matrices by Axelsson and Kolotina in [5].
Their results sharpens an earlier result by Varga in [108] for H-matrices
that are monotone. Various algebraic approaches to prove monotonicity on
an extented version of the week regular splitting theorem are presented and
applied to some important examples of finite difference and finite element
matrices.
Using this, together with the above mentioned bounds of the norm of the
inverse operator, Axelsson and Kolotina show that the discretization error
in supremum (the most relevant norm in Quantitative Finance) and leastsquare norms for self-adjoint problems can be bounded by a constant times
the norm of the truncation error, where the best constant is available.
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B.1

Matlab Coding

The Matlab code used to generate each of the Figures in this book is shown
below, in the order it appeared in the report. Most of the code is done
following [13], [46], [47], [48].

• Figure 2.1
% Call Option Gain Loss Graphic-one share 3 euro, strike 50 euro
K=50; npunti=1000; ds=80/npunti; S=ds*(1:npunti);
V0=zeros(npunti,1); V1=zeros(npunti,1); V2=zeros(npunti,1);
for j=1:npunti
if S(j)<=K
V0(j)=-3;
end
if S(j)>K
V0(j)=S(j)-53;
end
end
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for j=1:npunti
if S(j)<=K
V2(j)=0;
end
if S(j)>K
V2(j)=S(j)-50;
end
end
subplot(121), plot(S’, V2, ’b-’),
xlabel(’Terminal stock price’), ylabel(’Profit’)
subplot(122), plot(S’,V0,’b-’,S’,V1,’k-’),
box off
xlabel(’Terminal stock price’), ylabel(’Clear Profit’)
• Figure 2.2
% Put Option Gain Loss Graphic,one share 7 euro, srike price 100 euro
K=100; npunti=1000; ds=120/npunti; S=ds*(1:npunti);
V0=zeros(npunti,1); V1=zeros(npunti,1); V2=zeros(npunti,1);
for j=1:npunti
if S(j) < K
V0(j)=92-S(j);
end
if S(j)>=K
V0(j)=-8;
end
end
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for j=1:npunti
if S(j) < K
V2(j)=100-S(j);
end
if S(j)>=K
V2(j)=0;
end
end
subplot(121), plot(S’, V2, ’b-’),
xlabel(’Terminal stock price’), ylabel(’Profit’)
subplot(122), plot(S’,V0,’b-’,S’,V1,’k-’), box off
axis([60 120 -10 30]),
xlabel(’Terminal stock price’), ylabel(’Clear Profit’)
• Figure 2.3, 2.4, 2.5, 2.7, 3.1 and 7.1
All these figures were done with the drawing program dia.
• Figure 2.8
% AssetPaths.m
function SPaths = AssetPaths(S0,mu,sigma,T,NSteps,NRepl)
SPaths = zeros(NRepl, 1+NSteps);
SPaths(:,1) = S0;
dt = T/NSteps; nudt = (mu-0.5*sigma^2)*dt; sidt = sigma*sqrt(dt);
for i=1:NRepl
for j=1:NSteps
SPaths(i,j+1)=SPaths(i,j)*exp(nudt+sidt*randn);
end
end
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The fuction AssetPaths.m yields a matrix of asset paths, where the replications are stored rowo by row and columns correspond to time instants.
We have to provide the function with the initial price S0 , the drift mu, the
volatility sigma, the time horizont T, the number of time steps NSteps,
and the number of replications NRepl.
Here are plotted three one-year sample paths for an asset with an initial
price $50, drift 0.1, and volatility 0.3 (on a yealy basis), assuming that the
time step is one day:
randn(’seed’,0);
paths=AssetPaths(50,0.1,0.3,1,365,3);
plot(1:length(paths),paths(1,:))
hold on
plot(1:length(paths),paths(2,:))
hold on
plot(1:length(paths),paths(3,:))
hold on
• Pricing a vanilla European option by Monte Carlo simulation
In this case, the path we need consists of just two points: the initial price,
and the price at expiration, so we do not need to use special function such
as AssetPaths.m. We must generate the option payoffs according to the
expression



max 0, S(0) e

µ− 21 σ 2

T +σ ǫ

√
T −X

where X is the strike price. The following Matlab code gives the asset
price, the variance and a confident interval of 95% for the mean.
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% BlsMc.m
function [Price, CI]=BlsMc(S0,K,r,T,sigma,NRepl)
nuT=(r-0.5*sigma^2)*T
siT=sigma*sqrt(T);
DiscPayoff=exp(-r*T)*max(0,S0*exp(nuT+siT*randn(NRepl,1))-K);
[Price, VarPrice, CI]=normfit(DiscPayoff);
It should be emphasized that form a rigorous point of view, using normfit
is not correct, as this function assumes normally distributed data and uses
Student’s t distribution in computing the confidence interval for the mean.
Let us price a European call with initial asset price S(0) = $50, strike
price X = $52, expiring in five months, when the annual risk-free rate is
%10 and the volatility is %40.
Examples:
>>blsprice(50,52,0.1,5/12,0.4)
ans = 5.1911
>>randn(’seed’,0);
>>[price,CI]=BlsMc(50,52,0.1,5/12,0.4,1000)
price = 5.1937
CI =
4.6094
5.7780
>>randn(’seed’,0);
>>[price,CI]=BlsMc(50,52,0.1,5/12,0.4,200000)
price = 5.1780
CI =
5.1393
5.2167
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The comparison with the correct price 5.1911 obtained by the BlackScholes formula, and the width of the 95% confidence intervals, show that
a large number of replications is needed to get an acceptable degree of accuracy. Two main reasons for this could be pointed observing the bounders
of the confidence interval [m − 1.96 √sM , m + 1.96 √sM ] (m, s2 , s are respectively the mean, variance and standard deviation of the samples, and M is
the number of samples, replications in the previous example):
1. The size of the confidence interval shrinks like the inverse square root
of the number samples (replications). To reduce the ’error’ by a factor
of 10 requires a hundredfold increase in the sample size. This is a
severe limitation that typically makes it impossible to get very high
accuracy from a Monte Carlo approximation.
2. The size of the confidence interval is directly proportional to the standard deviation s, that is the square root of the variance, of the random variable under consideration. In practice, it is highly desirable
to transform the problem of approximating E(X) to the problem of
approximating E(Y ) where Y is another random variable that has the
same mean as X but a smaller variance. This idea, known as variance
reduction, forms a vital part of practical Monte Carlo algorithms.
The two most popular approaches are variance reduction by antithetic
variates and by control variates. The main difference is that the antithetic
variates idea relies upon finding samples that are anticorrelated with the
original random variable. In contrast, the control variate approach relies
upon finding samples that have some general correlation. This technique is
less generic than antithetic variates, as it requires some knowledge about
the underlying random variables in the simulation. A theory and computational examples are presented in [48].
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• Implementation of binomial tree in program code via Matlab
% Binomial Method for European call and put
%
% Third condition is p=0.5;
S = input(’S= ’); K = input(’K= ’); T = input(’T= ’);
r = input(’r= ’); sigma = input(’sigma= ’); M = input(’M= ’);
dt=T/M; p =0.5;
u = exp(sigma*sqrt(dt) + (r-0.5*sigma^2)*dt);
d = exp(-sigma*sqrt(dt) + (r-0.5*sigma^2)*dt);
%
% Option values for call and put at nodes.
C = max(S*d.^([M:-1:0]’).*u.^([0:M]’)-K,0);
P = max(K-S*d.^([M:-1:0]’).*u.^([0:M]’),0);
% Backwards to option value at time zero
for i = M:-1:1
C = (p*C(2:i+1) + (1-p)*C(1:i));
P = (p*P(2:i+1) + (1-p)*P(1:i));
end
C = exp(-r*T)*C; P = exp(-r*T)*P;
disp(’Option value of call C and put P are: ’), disp(C), disp (P)
Examples:
Let S = 42; t = 0; K = 40; r = 0.1; sigma = 0.2; T = 0.5;
M = 400; Option value of call is: 4.7608, put: 0.8100
M = 800; Option value of call is: 4.7595, put: 0.8087
Black-Scholes value for call is: 4.7594, put: 0.8086
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% Binomial Method for European call and put
%
% Third condition is ud=1 used by Cox, Ross and Rubinstein;
S = input(’S= ’); K = input(’K= ’); T = input(’T= ’);
r = input(’r= ’); sigma = input(’sigma= ’); M = input(’M= ’);
dt=T/M;
A= 0.5*(exp(-r*dt)+exp((r+sigma^2)*dt));
d = A-sqrt(A^2-1); u=A+sqrt(A^2-1);
p = (exp(r*dt)-d)/(u-d);
%
% Option values for call and put at nodes.
C = max(S*d.^([M:-1:0]’).*u.^([0:M]’)-K,0);
P = max(K-S*d.^([M:-1:0]’).*u.^([0:M]’),0);
% Backwards to option value at time zero
for i = M:-1:1
C = (p*C(2:i+1) + (1-p)*C(1:i));
P = (p*P(2:i+1) + (1-p)*P(1:i));
end
C = exp(-r*T)*C; P = exp(-r*T)*P;
disp(’Option value of call C and put P are: ’), disp(C), disp (P)
Examples: Let S = 42; t = 0; K = 40; r = 0.1; sigma = 0.2; T = 0.5;
M = 400; Option value of call is: 4.7600, put: 0.8091
M = 800; Option value of call is: 4.7593, put: 0.8085
Black-Scholes value for call is: 4.7594, put: 0.8086
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• Figure 3.2
Figure 3.2 was generated with the following Matlab code proposed in [48].
% Draws Black-Scholes surface for European call
%
% Problem parameters
K = 1; r = 0.05; sigma = 0.2; T = 1; L = 50;
%
Svals = linspace(0,3,L);
tvals = linspace(0,T,L);
C = zeros(L,L);
for i = 1:L
S = Svals(i);
for j = 1:L
t = tvals(j);
[Call,Calldelta,Put,Putdelta] = ch08(S,K,r,sigma,T-t);
C(i,j) = Call;
end
end
[Smat,tmat] = meshgrid(Svals,tvals);
mesh(Smat,tmat,C’)
xlabel(’S’), ylabel(’t’), zlabel(’C(S,t)’)

where ch08(S,E,r,sigma,tau) is the following Matlab function:
Remark: The function

erf (x)

is used as means to obtain
the normal


distribution function N (x). It is known that: N (x) = 21 1 + erf √x2 .
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function [C, Cdelta, P, Pdelta] = ch08(S,E,r,sigma,tau)
%
% Input arguments: S = asset price at time t
%
E = Exercise price
%
r = interest rate
%
sigma = volatility
%
tau = time to expiry (T-t)
%
% Output arguments: C = call value, Cdelta = delta value of call
%
P = Put value, Pdelta = delta value of put
%
%
function [C, Cdelta, P, Pdelta] = ch08(S,E,r,sigma,tau)
if tau > 0
d1 = (log(S/E) + (r + 0.5*sigma^2)*(tau))/(sigma*sqrt(tau));
d2 = d1 - sigma*sqrt(tau);
N1 = 0.5*(1+erf(d1/sqrt(2)));
N2 = 0.5*(1+erf(d2/sqrt(2)));
C = S*N1-E*exp(-r*(tau))*N2;
Cdelta = N1;
P = C + E*exp(-r*tau) - S;
Pdelta = Cdelta - 1;
else
C = max(S-E,0);
Cdelta = 0.5*(sign(S-E) + 1);
P = max(E-S,0);
Pdelta = Cdelta - 1;
end
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• Implementation of the Black-Scholes formula
function C=bsfc(S,t,K,r,sigma,T)
% function C=bsfc(S,t,K,r,sigma,T)
% Black-Scholes formula for a European call option
S = input(’S= ’);
t = input(’t= ’);
r = input(’r= ’);
T = input(’T= ’);
K = input(’K= ’);
tau=T-t;
sigma = input(’sigma= ’);
tau = T-t;
if tau > 0
d1 = (log(S/K) + + (r+0.5*sigma^2)*tau)/(sigma*sqrt(tau));
d2 = d1 - sigma*sqrt(tau);
N1 = 0.5*(1+erf(d1/sqrt(2)));
N2 = 0.5*(1+erf(d2/sqrt(2)));
disp(’The value of the European call option is:’)
C= S*N1-K*exp(-r*tau)*N2
else
C= max(S-K,0);
end
Example for call option value:
Let S = 42; t = 0; K = 40; r = 0.1; sigma = 0.2, T = 0.5;
C = bsfc(42,0,40,0.1,0.2,0.5) = 4.7594
209

B.1. MATLAB CODING

function P = bsfp(S,t,K,r,sigma,T)
% function P=bsfp(S,t,K,r,sigma,T)
%
% Black-Scholes formula for a European put option
%
S = input(’S= ’);
t = input(’t= ’);
r = input(’r= ’);
T = input(’T= ’);
K = input(’K= ’);
sigma = input(’sigma= ’);
tau=T-t;
if tau > 0
d1 = (log(S/K) + + (r+0.5*sigma^2)*tau)/(sigma*sqrt(tau));
d2 = d1 - sigma*sqrt(tau);
N1 = 0.5*(1+erf(-d1/sqrt(2)));
N2 = 0.5*(1+erf(-d2/sqrt(2)));
disp(’The value of the European put option is:’)
P= K*exp(-r*tau)*N2-S*N1
else
P= max(K-S,0);
end
Example for put option value:
Let S = 42; t = 0; K = 40; r = 0.1; sigma = 0.2; T = 0.5;
P = bsfp(42,0,40,0.1,0.2,0.5) = 0.8086
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• Figure 3.3
Figure 3.3 was generated with the following Matlab code proposed in [48].
% Black-Scholes surface for cash-or-nothing call
% Parameters
K = 1; A = 2; r = 0.05; sigma = 0.2; T = 1; L = 50;
Svals = linspace(0,2,L);
tvals = linspace(0,T,L);
C = zeros(L,L);
for i = 1:L
S = Svals(i);
for j = 1:L-1
t = tvals(j);
tau = T-tvals(j);
d2 = (log(S/E) + (r - 0.5*sigma^2)*(tau))/(sigma*sqrt(tau));
N2 = 0.5*(1+erf(d2/sqrt(2)));
C(i,j) = A*exp(-r*tau)*N2;
end
% value at expiry
C(i,L) = 0.5*A*(1+sign(S-K));
end
[Smat,tmat] = meshgrid(Svals,tvals);
mesh(Smat,tmat,C)
xlabel(’S’), ylabel(’t’), zlabel(’C(S,t)’)
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• Implementation of the numerical algorithm B.1 for pricing
discrete double barrier knock-out call and put options, see
chapter 6: Semi-analytical Suggestions.
We have presented a new numerical algorithm where we price the value
of a discrete double barrier knock-out call option by the following formula:


n−1
X
1
−r
T
(
j+
)
d
2
Vb (S, t) = e
pj L e
−K ,
(B.1)
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Analogously, the value of discrete double barrier knock-out put option is:
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is evaluated by the function [x].

1

Estimation of the error. If we denote the price of the discrete double barrier knock-out call option with V (S, t) given by formula (6.6) and
with Ve (S, T ) the value (6.11), obtained by using the proposed numerical
algorithm applied for n discrete points the error, could be estimated as:
1
e
(B.3)
V (S, T ) − V (S, T ) = O
n
and thus a desired level of accuracy is very fast achieved. 2
• The Crank-Nicolson variant scheme 5.21 is second-order accurate both
in time and space but the numerical algorithm B.1 obtains quickly
more accurate results for real computational time, see Figure 7.2;
• The prices of discrete double barrier knock-out call options in Figure
7.2 were generated with the following Matlab code:
1

We mean [x] the biggest integer number smaller
 orequal to the real number x.
The error of the Monte Carlo simulation is O √1M , where M is the number of simulations. Such a
low rate of convergence is not quite desirable [64].
2
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% European discrete single and double knock-out put
function [Price]=DDBPut(s,K,r,T,sigma,L,U,t, nm,n)
% Parameters
% s:
underlying asset price, i.e. S_0
% K:
strike price, (exercise price)
% r:
interest rate (continuouslu compounded)
% T:
time to expiry, maturity
% sigma: volatility
% L:
fixed value of the lower barrier
% U:
fixed value of the lower barrier
% nm:
number of monitoring dates
% t:
time between monitoring dates, t:=floor(T/nm),
%
or length of the period between barrier events
% n:
number of approximation points
% Additional parameters used in the numerical algorithm
dd= (log(U/L))/(n*sigma*sqrt(2*t));
a=dd/2+(r/sigma-sigma/2)*sqrt(t/2);
aa=(r/sigma-sigma/2)*sqrt(t/2)-(log(L/s))/(sigma*sqrt(2*t));
d=(log(U/L))/n; jo=floor((log(K/L))/d+0.5);
% Defining the discrete random variable n_1
for k = 1:n+1
f(k)=0.5*erf((k-1)*dd-aa);
% start from erf(0) to erf(n)
% start from f(1) to f(n+1)
end
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% Probabilities p(k) of the discrete random variable n_1
for k = 1:n
p(k)=f(k+1)-f(k);
% start from erf(1)-erf(0)
% that is f(2)-f(1)
end
% Defining the discrete random variable n_2
for k = 1:2*n
g(k)=0.5*erf((k-n)*dd-a);
% we have step plus n
end
% Probabilities q(k) of the discrete random variable n_2
for k = 1:2*n-1
%k = -n+1 : n-1
q(k)=g(k+1)-g(k);
% q(2n-1)=g(2n)-g(2n-1)=0.5*erf((n)*dd-a)-0.5*erf((n-1)*dd-a);
% q(1)=g(2)-g(1)=0.5*erf((-n+2)*dd-a)-0.5*erf((-n+1)*dd-a);
end
%
%
%
%
%

Defining the discrete random variable: n_1+n_2+...+n_{nm-1}
First: estimation of the probabilities b_i of the discrete
random variable (n_1+n_2) using the formula for the
convolution of the probablitities of the integer
discrete random variables n_1 and n_2.

%
%
%
%

Second: We assume b_i:=p_i, and applying this convolution formula
for defining the probabilities of the random variable: (n_1+n_2)+n_3
Appying this algorithm, we find iteratively the probabilities
of the random variable (n_1+n_2+...+n_{nm-2})+n_{nm-1}
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for j = 1 : nm-1
for i = 1: n
% we must multiply p(n)*q(1) and p(1)*q(1)
% q(1) is the smallest, the biggest p with the smallest q
sum=0;
for k=1:n
%sum=sum+ p(k)*q((i-1)+n-k+1));
%q(n+i-k-1);
sum=sum+ p(k)*q(i+n-k);
% for i=0, we have p(0)*q(-0)+p(1)*q(-1)+p(2)*q(-2),
% i.e.
p(0)*(g(1)-g(0))
% or for us this is p(1)*(g(n+1)-g(n))=p(1)*q(n)
% p(1)*q(-1)=(f(2)-f(1))*(g(0)-g(1))
% i.e for us (f(3)-f(2))*(g(n)-g(n-1))=p(2)*q(n-1)
% i.e for us p(3)*q(n-2), p(4)*q(n-3), ...,p(n)*q(1)
% b(i)=sum(’p[k]*q[i-k]’,’k’=0..n-1)
end
b(i)=sum;
end
for i=1:n
% For i=1, we have the sum p(0)*q(1-0)+p(1)*q(1-1)+p(2)*q(1-2)
% or p(0)*q(1)+p(1)*q(0)+p(2)*q(-1)+p(3)*q(-2) this is the
% second row of P(n1+n2)=b2 or in the algorithm it is:
% (f(1)-f(0))*(g(2)-g(1))+(f(2)-f(1))*(g(1)-g(0))+
% +(f(3)-f(2))*(g(0)-g(1))+...
% or for us is (f(2)-f(1))*(g(n+2)-g(n+1))=p(1)*q(n+1)
p(i)=b(i);
end
end
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% Estimation of the total probability that is the sum of the
% probabilities of all events in which the asset path
% has not touched neither of the barriers,i.e. the
% application of the barriers events has not canceled
% the option till the end of the maturity.
sump=0;
for i=1:n
sump=sump+p(i);
end
disp(’Sum of probabilitities ’)
sump
% Estimation of the price of discrete double barrier knock-out
% put options monitored nm times
sumprice=0;
for j=1:n
sumprice=sumprice+p(j)*max(0,(K-L*exp((j-1+0.5)*d)));
end
V1put=exp(-r*T)*sumprice;
sumprice1=0;
for j=1:jo
% in the algorithm is j=jo-1, but here one step plus, and jo-1+1=jo
sumprice1=sumprice1+p(j)*(K-L*exp(((j-1)+0.5)*d));
end
V2put=exp(-r*T)*sumprice1;
disp(’Option price V1put discrete db knock-out put ’)
V1put
% Formula V2put is the truncated version of V1put formula
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disp(’Option price V2put fast discrete db knock-out put ’)
V2put
% Estimation of the price of discrete double barrier knock-out
% call options monitored nm times
sumprice3=0;
for j=1:n
sumprice3=sumprice3+p(j)*max(L*exp((j-1+0.5)*d)-K,0);
end
V1call=exp(-r*T)*sumprice3;
sumprice4=0;
for j=jo+1:n
%in the algorithm is j0, but here one step plus jo=jo+1
sumprice4=sumprice4+p(j)*(L*exp((j-1+0.5)*d)-K);
end
V2call=exp(-r*T)*sumprice4;
disp(’Option price V1call discrete db knock-out call ’)
V1call
disp(’Option price V2call fast discrete db knock-out call ’)
V2call
% Formula V2call is the truncated version of V2call formula
% Example for pricing a discrete double barrier
% knock-out put option value:
DDBPut(100,100,0.1,0.5,0.2,95,125,0.02, 25,2000)
Sum of probabilitities
sump = 0.3225
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Option price V1put discrete db knock-out put
V1put = 0.0634
Option price V2put fast discrete db knock-out put
V2put =
0.0634
% Example for pricing a discrete double barrier
% knock-out call option value:
Option price V1call discrete db knock-out call
V1call =
3.0058
Option price V2call fast discrete db knock-out call
V2call =
3.0058
Elapsed time is 0.116116 seconds.
• Maple implementation of the numerical algorithm for pricing
discrete double barrier knock-out call and put options.
Pricing a discrete double barrier knock-out call option
Six months maturity: T = 0.5 =1/2,
t is the length of the periods between monitoring
Monitoring:
5 times
25 weekly
125 daily

t = T/5
= 0.1
= 1/10;
t = T/25 = 0.02 = 1/50;
t = T/125 = 0.004 = 1/250;
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Parameters:
> s:=100.0; T:=0.5; t:=0.02;
L:=95.0; U:=140.0; r:=0.1; sigma:=0.2;
s :=
T :=
t :=
L :=
U :=
r :=
sigma

100.0
0.5
0.02
95.0
140.0
0.1
:= 0.2

> n:=40;
dd:=evalf(ln(U/L)/(n*sigma*sqrt(2*t)),12);
a:=evalf(dd/2+(r/sigma-sigma/2)*sqrt(t/2),12);
aa:=evalf((r/sigma-sigma/2)*sqrt(t/2)-ln(L/s)/(sigma*sqrt(2*t)),12);
n := 40
dd := 0.242353456882
a := 0.161176728441
aa := 1.32233235969
> nm:=25;
nm := 25
>for k from 0 to n do f[k]:=0.5*erf(k*dd-aa): od:
for k from 0 to n-1 do p[k]:=f[k+1]-f[k]: od:
print(e1,___,f[n]-f[0]);
for k from -n+1 to n do

g[k]:=0.5*erf(k*dd-a): od:
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for k from -n+1 to n-1 do q[k]:=g[k+1]-g[k]: od:
print(e2,___,g[n]-g[-n+1]);
for j from 1 to nm-1 do for i from 0 to n-1 do
b[i]:=sum(’p[k]*q[i-k]’,’k’=0..n-1): od:
for i from 0 to n-1 do p[i]:=b[i]: od: od:
print(number_of_passed_asset paths,___,sum(’p[i]’,’i’=0..n-1));
e1, ___, 0.9692622816
e2, ___, 1.0
number_of_passed_asset paths, ___, 0.4282996537
> K:=100:
d:=evalf(ln(U/L)/n,12):
jo:=floor(ln(K/L)/d+0.5):
v:=exp(-r*T)*sum(’p[j]*(L*exp((j+0.5)*d)-K)’,’j’=jo..n-1):
matrix([[S0,points,monitorings,V(st)],[s,n,nm,v]]);
"

S0 points monitorings price
100.0
40
25
5.62253

#

> v:=exp(-r*T)*sum(’p[j]*max(0,(L*exp((j+0.5)*d)-K))’,’j’=jo..n-1):
matrix([[S0,points, monitorings, V(st)],[s,n,nm,v]]);
#
"
S0 points monitorings V (st)
100.0
40
25
5.62253

220

APPENDIX B. MATLAB CODING

• Pricing an American put option without dividends by the
Crank-Nicolson scheme and SOR method in Matlab
We present the Matlab program for pricing an American option following
the same source code of Brandimarte in [13]. Thus could be understand the
next program for pricing an American option but having discrete dividends.
% AmPutCK.m
% American put, successive overrelaxtion 1<w<2, (SOR) method
% Crank-Nicolson method
function price = AmPutCK(S0, X, r,
T, sigma, Smax, dS, dt, omega, tol)
% Parameters of the function
%
S0: underlying asset price;
%
X: strike price;
%
r: interest rate;
%
T: maturity;
% sigma: volatility
% omega: parameter for (SOR) method
%
where 1< omega <2
% Discretization steps of the grid
%
dS: space step
%
dt: time step
%
tol: a predefined tolerance parameter
% Set up grid and adjust increments if necessary
M =round(Smax/dS); dS= Smax/M; % set up grid
N = round(T/dt); dt = T/N;
% M is the number of space steps
% N is the number of time steps
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oldval
newval
vetS =
veti =

= zeros(M-1,1); % vectors for Gauss-Seidel update
= zeros(M-1,1);
linspace(0, Smax, M+1)’;
0:N; vetj = 0:M;

% Set up the boundary conditions
payoff = max(X-vetS(2:M), 0);
pastval = payoff; % values of the last layer
boundval = X* exp(-r*dt*(N-veti)); % boundary values
% Set up the coefficients and the right hand side matrix
alpha = 0.25*dt*(sigma^2*(vetj.^2)-r*vetj);
beta = -dt*0.5*(sigma^2*(vetj.^2)+r);
gamma = 0.25*dt*(sigma^2*(vetj.^2)+r*vetj);
M2=diag(alpha(3:M),-1)+diag(1+beta(2:M))+diag(gamma(2:M-1),1);
% Solve the sequence of linear systems by SOR method
aux = zeros(M-1,1);
for i = N:-1:1
aux(1) = alpha(2)*(boundval(1,i)+boundval(1,i+1));
% Set up right hand side and initialize
rhs = M2*pastval(:) +aux;
oldval = pastval;
error = REALMAX;
while tol < error
newval(1) = max(payoff(1), oldval(1)+omega/(1-beta(2))*
(rhs(1)-(1-beta(2))*oldval(1)+gamma(2)*oldval(2)));
for k=2:M-2
newval(k) = max(payoff(k), oldval(k)+omega/(1-beta(k+1))*
(rhs(k)+alpha(k+1)*newval(k-1)-(1-beta(k+1))*oldval(k)+
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gamma(k+1)*oldval(k+1)));
end
newval(M-1) =max(payoff(M-1), oldval(M-1)+omega/(1-beta(M))*
(rhs(M-1)+alpha(M)*newval(M-2)-(1-beta(M))*oldval(M-1)));
error = norm(newval-oldval);
oldval=newval;
end
pastval=newval;
end
% Find closest point to S0 on the grid and return price
% possibly with a linear interpolation
newval = [boundval(1); newval ; 0]; %add missing values
jdown =floor(S0/dS);
jup = ceil(S0/dS);
if jdown == jup;
price = newval(jdown+1,1);
else price = newval(jdown+1,1) +
(S0-jdown*dS)*(newval(jup+1,1)-newval(jup,1))/dS;
end
Example:
>>AmPutCK(50,50,0.1,5/12,0.4,100,1,1/600,1.5,0.001);
ans = 4.2815
The code may be compared with the binprice function available in the Financial toolbox of Matlab. The binprice function prices American options
by a binomial lattice method described in Section 3.1 of Chapter 3.
>>[pr, opt]= binprice(50,50,0.1,5/12,1/1200,0.4,0);
>>opt(1,1), ans= 4.2830
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The program AmPutCK.m solve backward in time the sequence of linear
systems:
M1 fi−1 = ri
where the right-hand side is


fi−1,0 + fi,0




0
 + α1
ri = M 2 f i + α 1 
..


.


0








0
0
..
.
fi−1,M + fi,M








(B.4)

We would like to pay attention on the initial and boundary conditions
of call and put options in the computational domain [0.Smax ] × [0, T ].
The boundary conditions for a European call option are:
f (t, 0) = 0,

f (t, Smax ) = Smax − X e−r(T −t) ,

while for a European put option are:
f (t, 0) = X e−r(T −t) ,

f (t, Smax ) = 0

Thus, in grid notations and in the sequence of linear systems (B.4) we
have the following boundary conditions for i = 0, 1, . . . , N :
fi,0 = 0,

i = 0, 1, . . . , N

fi,M = M dS − X e−r(N −i)dt ,

i = 0, 1, . . . , N

and for a European put options, respectively:
fi,0 = X e−r(N −i)dt ,
fi,M = 0,

i = 0, 1, . . . , N

i = 0, 1, . . . , N

The initial conditions (actual payoff) for j = 0, 1, . . . , M are:
fN,j = max(X − j ds, 0),

for a call option

fN,j = max(j ds − X, 0),

for a put option

Note: The presented code in the program AmPutCK.m starts indexing
vectors from 1, and the index ’veti’ corresponds to ’i’ in (B.4).
224

Appendix C
Reviewer’s Comments
C.1

Report on the Article: Special Finite Difference
Schemes for Options with Discontinuous Payoff

Initially, part of the research in Section 5.6, Chapter 5, i.e. the proposed
variant of the semi-implicit scheme has been described in the working paper
’Special Finite Difference Schemes for Options with Discontinuous Payoff’
that was submitted to participate for the Premio Salvatore Vinci in the
University of Napoly ’Parthenope’.
Later, M. Milev and prof. A. Tagliani (University of Trento, Italy) have
extended this research of modification standard finite difference schemes
such as the semi-implicit one in order to satisfy all financial requirements of
the respective option contract and publicated it in the article ’Nonstandard
Finite Difference Schemes with Application to Finance: Option Pricing’,
in Serdica Mathematical Journal, Vol. 36 (n.1), (2010), p. 75-88, i.e.
reference [81] in the Bibliography of this book.
Here is the report (15/07/09) of the original paper ’Special Finite Difference Schemes for Options with Discontinuous Payoff’:
In this paper the authors present a finite difference (FD) scheme (referred
to in the paper as to modified semi-implicit scheme) specially conceived to
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C.1. REPORT ON THE ARTICLE: SPECIAL FINITE DIFFERENCE SCHEMES
FOR OPTIONS WITH DISCONTINUOUS PAYOFF

price discontinuous payoffs in a Black-Scholes (BS) model. The valuation
of discontinuous claims via a FD scheme can be affected by the propagation
of wide oscillations originated by the discontinuities of the initial condition.
FD schemes must then be designed with particular care to their damping
properties to prevent such numerical shortcomings. The formulation of the
proposed scheme is based on an alternative way to discretise the reaction
term −rV in the BS equation. Then, the first and second derivative terms
are discretized in a fully explicit and fully implicit way respectively, in
order to split the two contributions. This is why the resulting scheme is
semi-implicit. The authors study the spectral properties of the resulting
iteration matrix, showing that (conditionally to ∆t << ∆S, see below) all
its eigenvalues are contained in (0, 1) hence the scheme has the desired
oscillation-damping properties.
The proposed scheme has a second order accuracy in space and first
order accuracy in time. Hence, it is less accurate in time than the standard
Crank-Nicolson (CN) scheme (second order accuracy in time, too), but has
the advantage of being (considerably) faster since the condition imposed on
the time discretization step ∆t is weaker than the one demanded by C-N.
Indeed, to avoid the propagation of the oscillations the C-N scheme needs to
be applied under a condition of the type ∆t < MC2 , where M is the number
of discretization steps in the space domain and C a constant depending
on BS parameters. On the other hand, the modified semi-implicit scheme
C
requires ∆t < M
, which is weaker for the typical values of M ≈ 103 (this
is discussed by the authors in sections 3.1-3.2).
Moreover, the proposed scheme proves to be applicable both in highvolatility and low-volatility regimes, unlike the C-N scheme. The authors
focus on the application of the proposed scheme to the valuation of (supershare and) double barrier options.
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Figure C.1: The upper and the lower figure represent, respectively, the involved nodes in
the fully implicit variant scheme and one example of a semi-implicit variant scheme.

Reviwer 2: On the paper entitled:
’Special finite difference schemes for options with discontinuous payoff ’.
The paper discusses the problems which arise when using conventional
difference schemes on the Black-Scholes equation with discontinuities in
the side conditions and introduces a new class of semi-implicit schemes in
order to remedy some of these problems.
The presentation is basically sound but there is room for improvement
as indicated in the specific points below.
Figure 3 deserves special praise. It is an elegant and clear way to illustrate the special features of the proposed numerical scheme.
Remark: Fig. 3 is the lower figure in Fig. C.1. Actually Fig C.1 is Fig 5.5
of Section 5.6, Chapter 5 of this book.
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C.2

Review on the Positivity-preserving Schemes

M. Milev and A. Tagliani have submitted the paper entitled ’Efficient Implicit Scheme with Positivity-Preserving and Smoothing Properties’ to the
Journal of Computational and Applied Mathematics, (2011), see in the reference [83]. This paper represents the research of Chapter 5 and unifies in
one framework the theory of constructing efficient positiviy preserving finite difference schemes for parabolic problems as the Black-Scholes partial
differential equation.
Reviewers’ comments:
The authors consider a very important problem, that is, effective oscillationfree computations of Black-Scholes equations (well, many reaction diffusion
equations also apply) with discontinuous side conditions as arise in financial engineering.
They develop a clever and effective modification of (Crank-Nicolson/type)
Fully Implicit scheme adapted to the problem at hand, which is, to compute accurately solutions under conditions with the stochastic drift is much
smaller than the interest rate, i.e. the equation has significant convection
as com- pared to diffusion.
Although there are other treatments of a similar nature the authors succeed in differentiating their version with adapted and rather straightforward (an advantage) proof and analysis of convergence. They construct
the scheme by working through the logic of how to adapt some standard
ideas to the problem at hand specifically, dealing with how to approximate
the trouble terms with second order so as not to destroy the accuracy by
introducing spurious oscillations or artificial diffusion.
They succeed, and the numerical experiments are convincing.
This work merits publication.
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C.3

Some Review Comments on the RBF Method:

In Chapter 8 we have presented a radial basis functions algorithm for pricing American options that is a classical problem in option pricing. This
algorithm is publicated in the article ’Radial Basis Functions with Application to Finance: American Put Option under Jump Diffusion’, Journal of
Mathematical and Computer Modelling, doi : 10.1016/j.mcm.2011.10.014,
Volume 55, Issues 3-4, February 2012, Pages 1354-1362, see [75].
The successful application of this modern quantitative method for pricing American options is a result of the collaboration with prof. A. Golbabai, director of the School of Mathematics in Iran University of Science
and Technology, Teheran, Iran, and his PhD student D. Ahamadian.
Here are the two Reviewers’ comments of the Journal of Mathematical
and Computer Modelling:
Reviewers’ comments 1:
In this study, a radial basis function approximation is applied to the
American option pricing under jump diffusion. The radial basis function
approximation has been successfully applied for option pricing. However,
the existing studies are restricted for the partial differential equation without the integral terms. In this study, the approximation is applied to the
integro-differential equation. This can be evaluated highly.
Reviewers’ comments 2:
In this paper the author talks about option pricing using jump-diffusion
process for the underlying and pay special attention to the radial basis func229
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tions approach. The authors consider a very important problem, that is,
effective oscillation-free computations of Black-Scholes equations as arise
in Financial engineering. In the second section the author presents the
original Black-Scholes PDE derived using only diffusion process for the
underlying. Then Poisson process component with log-normally (Merton)
or log- double exponentially (Kou) distributed jumps is added and the corresponding PIDE is shown with the corresponding boundary conditions. The
author applies the front-fixing method changing the underlying price variable S with y = log(S/b(t)), where b(t) is the optimal exercise boundary.
The last step in the section outlines an approximation method for the integral part of the PIDE.
In the first part of section 3 the main features of the Finite Difference
method are shown while the second part concentrates on the advantages of
the Radial Basis Functions approach.
Section 4 contains the main application of the Radial Basis Functions
in approximation of the partial derivative part of the PIDE. It is clearly
explained how it manage in the integral part approximation.
Section 5 summarizes some numerical results, comparing Radial Basis
Function (RBF) approach with those obtained by other numerical methods
in literature.
The conclusion is that Radial Basis Functions approach is very flexible
numerical method with several other advantages, which combined with a
proper jump-diffusion model, gives highly accurate results.
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Remarks:
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